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Beltrami water waves
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Governing equations in a frame moving with the wave:
div u = 0, curl u = αu

u · j|y=−1 = 0, u · n|y=η = 0
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Trivial solution

η = 0, u = c1




cos αy

0
sin αy



 + c3




− sin αy

0
cos αy





Write u = u + v, so that
div v = 0, curl v = αv

v · j|y=−1 = 0, v · n|y=η + u
 · n|y=η = 0
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Modelling
Solutions of the form

η = Aeik.x, x = (x, z)T, k = (k1, k3)
T

satisfy the dispersion relation
g(k) = 0

g(0) = 0 if
c20 = 1

2α tan
1
2α, c1 = c0 cos

1
2α, c3 = c0

and g is otherwise positive if β is sufficiently large

The Ansatz

c1 = (c0 − ε2) cos 1
2α, c3 = (c0 − ε2) sin 1

2α,

η(x, z) = ε2ζ(εx, ε2z) + O(ε4)

leads to the KP-I equation
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ζ − 3ζ2 = 0
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KP-I equation

Liu, Wei & Yang have shown that () has an infinite family {ζk}
of symmetric lump solutions of the form

ζk(x, z) = −2∂2x log τk(x, z)

τk is a polynomial of degree k(k + 1) given by an explicit formula

They prove that ζ1 and ζ2 are nondegenerate, and claim that ζk
is always nondegenerate:

∂2x (∂
2
x ζ − ζ + 6ζkζ) ∂2yζ = 0

ζ(−x,−z) = ζ(x, z)

lim
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ζ(x, z) = 0
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KP lumps



Fully localised solitary waves

For sufficiently large β, sufficiently small ε and

c20 = 1
2α tan

1
2α,

c1 = (c0 − ε2) cos 1
2α, c3 = (c0 − ε2) sin 1

2α,

the Beltrami water-wave problem has a family {ηk} of fully
localised solitary wave solutions which satisfy

ηk(−x,−z) = ηk(x, z)
and

ηk(x, z) = ε2ζk(εx, ε
2z) + o(ε2)

uniformly over (x, z) ∈ 2



ZCS formulation for water waves
Let ϕ be the unique solution of the boundary-value problem

Δϕ = 0,

ϕy |y=−1 = 0,

ϕ|y=η = ξ


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
⇒

div v = 0,

curl v = 0,

v · j|y=−1 = 0

and set v = gradφ

Zakharov (1968), Craig & Sulem (1993): We can formulate the
problem in terms of η and ξ

Dirichlet-Neumann operator: G(η)ξ = gradφ|y=η · N
Free-surface boundary conditions:

G(η)ξ + c · ∇η = 0,
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Generalised ZCS formulation

For F = (F1, F2, F3)T define
F = (F1, F3)

T + F2∇η|y=η

For G = (G1, G3)T write
G = ∇Φ + ∇⊥Ψ,

where
Φ = Δ−1(∇ · G), Ψ = Δ−1(∇⊥ · G)

G. & Horn (2020): We can formulate the problem in terms of η
and ξ = Δ−1(∇ · v)

Motivation: Benjamin (1984), Castro & Lannes (2015)



Generalised ZCS formulation
Let A be the unique solution of the boundary-value problem

curl curlA = α curlA,

divA = 0,

A ∧ j|y=−1 = 0,

A · n|y=η = 0,

(curlA) = ∇ξ − α∇⊥Δ−1(∇ · A⊥)


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⇒
div v = 0,

curl v = αv,

v · j|y=−1 = 0

and set v = curlA
Generalised Dirichlet-Neumann operator: H(η)ξ = curlA|y=η · N
Free-surface boundary conditions:
H(η)ξ + u · N|y=η = 0,
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where K(η)ξ = ∇ξ − α∇⊥Δ−1(H(η)ξ)



Generalised Dirichlet-Neumann operator

H(η)ξ = curlA|y=η · N,

curl curlA = α curlA,
divA = 0,

A ∧ j|y=−1 = 0,
A · n|y=η = 0,
(curlA) = ∇ξ − α∇⊥Δ−1(∇ · A⊥)

For s ≥ 2 the mappings

H(·) : Hs+
1
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2 ( ), Ȟs−

3
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and
H(·)−1 : Hs+
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1
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are analytic at the origin, where

Ḣt( ) = {f ∈ L2loc( ) : ∇f ∈ (Ht−1( ))2},
Ȟt( ) = {f ∈ L2loc( ) : Δ−1f ∈ Ḣt+2( )}
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Irrotational limit

H(η)ξ = curlA|y=η · N,

curl curlA = 0,
divA = 0,

A ∧ j|y=−1 = 0,

A · n|y=η = 0,
(curlA) = ∇ξ

We find that curlA = gradϕ, where
Δϕ = 0,

ϕy |y=−1 = 0,

ϕ|y=η = ξ

(because (gradϕ) = ∇(φ|y=η))

Hence
H(η)ξ = gradϕ|y=η · N

= G(η)ξ



Formulation as a single equation
Eliminating ξ from
H(η)ξ + u · N|y=η = 0,
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where
N(η, c) = −∇(H(η)−1(u|y=η · N)) + α∇⊥Δ−1(u|y=η · N)

Study () for η ∈ H3( 2)



Dispersion relation
Solutions of the form

η = Aeik.x, x = (x, z)T, k = (k1, k3)
T

satisfy
g(k) := −
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Reduction
η(x, z) ∼ ε2ζ(εx, ε2z)

Write
c1 = (c0 − ε2) cos 1

2α, c3 = (c0 − ε2) sin 1
2α,
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where χ is the characteristic function of this set:
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Solve (2) for η2 = η2(η1) and insert into (1) to yield the reduced
equation
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Reduction
Write

η1(x, z) = ε2ζ(εx, ε2z)

The reduced equation is

ε−2g

εD1, εD3D1


ζ + 2ζ + χ


εD1, εD3D1


cαζ

2 + O(ε
1
2 ζY )


= 0 ()
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Replace ζ with ζ and work in the fixed space Y
In the limit ε → 0 we obtain the KP-I equation
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Existence
The symmetric solutions ζk of

ζxx − ζ −
D23
D21

ζ − 3ζ2 = 0

are non-degenerate in the class of solutions symmetric under
ζ(x, z)  ζ(−x, z), ζ(x, z)  ζ(x,−z)

The reduced equation () has this symmetry (inherited from the
original problem)
Apply an implicit-function theorem argument to () in the space

Ye = {ζ ∈ Y : ζ(x, z) = ζ(−x,−z)}

() has symmetric solitary waves for small values of ε


