FULLY LOCALISED THREE-DIMENSIONAL
SOLITARY WATER WAVES ON BELTRAMI
FLOWS WITH STRONG SURFACE TENSION
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Beltrami water waves
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#® Governing equations in a frame moving with the wave:
divu =0, curlu = au
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® uandp=—1|Vul? -y satisfy the steady Euler equation



Trivial solution
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Modelling

#® Solutions of the form
n=Ad  x=(%2), k= (ki ks)"
satisfy the dispersion relation
g(k) =0
® 4(0)=0if
cg=3%atanla, ¢4 =cocoe}a, c5=cosinta

and g is otherwise positive if p is sufficiently large

® The Ansatz
¢1 = (co—6%)coe a, ¢35 = (co — &°)sin 3a,

n(x, z) = 62¢(ex, 6°z) + O(e*)
leads to the KP-I equation
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b= = a0 =307 =0



KP-l equation

Liu, Wei & Yang have shown that (x) has an infinite family {;}
of symmetric lump solutions of the form

Ck(x,z) = —233 log Tk(x, Z)

® 7, is a polynomial of degree k(k + 1) given by an explicit formula

#® They prove that {4 and {, are nondegenerate, and claim that g
is always nondegenerate:

82820 — [ + 64 ) — 920 =0

¢(=x—2) ={(x2) =¢
lim g(xz)=0
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KP lumps




Fully localised solitary waves

For sufficiently large g, sufficiently small ¢ and
g = Aatania,
¢1 = (co—6%)coe ga, ¢35 = (co — &°)sin 3a,
the Beltrami water-wave problem has a family {r;} of fully
localised solitary wave solutions which satisfy

k(=% —2) = k(. 2)
and

nk(x,z) = szc:k(sx. azz) + 0(6’2)

uniformly over (x,z) € R?
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ZCS formulation for water waves

Let ¢ be the unique solution of the boundary-value problem
Ap =0, divy =0,
¢y|y=—/| = O, = OUI"|! = Q,
@ly=n=¢ Z‘l|y=-4 =0

and sety = grad ¢

Zakharov (1968), Craig & Sulem (1993): We can formulate the
problem in terms of n and &

Dirichlet-Neumann operator: G(n)¢ = grad ¢|y=n - N
Free-surface boundary conditions:
G +¢c-Vn=0,

(G(n)E +Vn- Ve
2(1+|vnl?)

Nx Nz —
vexn-p ((4+|v |2>z> P ((4+IVn|2>%>,
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Generalised ZCS formulation

For F = (F4,F2,Fs)" define
E“ = (F49F5)T+ F2Vn|y=q
For G = (G4,G»)" write
G =Vo+Viy,

where
*=AV.6), w=A"V!.5)

G. & Horn (2020): We can formulate the problem in terms of n
and E = A_’] (V . Z“)

Motivation: Benjamin (1984), Castro & Lannes (2015)



Generalised ZCS formulation
Let A be the unique solution of the boundary -value problem
curlourl A = acurl A,

divA =0, divy =0,
é/\l|y=_4 =0, = curly = av,
A-fly=n =0, ¢ Jly=q =0

(curl A) = V& - avtA=\(v . A’Ii) J
and setyv = curl A
Generalised Dirichlet-Neumann operator: H(n)& = CU"'AIyzn ‘N
Free-surface boundary conditions:

HnE +u* N, = O,

(H(mE + K(n)Z - Vin)?
%IK("I)EIZ - 2(,' T IVfllz)

T * —_ L —_ L =
+ KM - |,y + 11— P ((4 + Ian%*)x p(ﬁ + IVn!z)i’)z
where K(n)E = VZ — aV- A~ (H(n)E)




Generalised Dirichlet-Neumann operator

curlcurl A = a curl A,
divA = O

H(n)E = curl Al,_, - N, A/\jly__,|
A-nl,
(curl_)“ V{ av+AT(V - A))

® For s > 2 the mappings
H(-) : H*3(R?) — L(F* 2 (R2), P2 (R2))
and , \
HEY™ s H3(R2) — L8 (R2), o2 (R2))
are analytic at the origin, where
H*(R2) = {f € L2 (R?) : Vf € (H*(R?))?},
F¥(R2) = {f € L2,(R2) : A™'f € A**2(R2)}



Irrotational limit
curleurlA=0,

divA= O
H(DE = curl A, - N, ANy =
A n| -
(curl é)" =
#® We find that curl A = grad ¢, where
Ap =0,
(Py|y=—’l = O’
Pl =¢

(because (grad )| = V(¢ply=n))
® Hence
H(n)E = arad |, - N
=GN



Formulation as a single equation
#® Eliminating & from
H(n)E +u* - N|,_, =0,

(H()E +K(n) - Vn)?
Bt = o ey

o _ Nx _ N =
+K(n)& 2h|y=q +n P((4 + IVqI2)§>X p((" + IVQI2)§>2

yields

N+Vn-N 2
J(n) = 3IN(n.0)? - Iy=,,2(4_ " |Vn|2) (.2) +N(n,¢) - u}],—,

o N
n-p ((4+|v |2)%> ((4+IVn12)%> o ™
where

N(r.¢) = ~V(HO)Y ™ (@ - N) + aVHAT (@, - N)

® Study (%) for n € H3(R?)




Dispersion relation

Solutions of the form

n=Ad  x=(%2), k= (ki ks)"
satisfy

1
6(k) =~y aleo - K)eo B + (k) eo - K)%) +1+ Pl = O,
where B
f(lklz) = (I,_(IZ - 02)4/2 Gath(ll_dz - 02)1/2, |,_<|2 2 az'
B (a® — |KI2)"/2 cot(a? — [kI2)'/2, |kf? < a?
#® gis an analytic function of (k4, ‘;—?) at the origin
® 4(0,0)=0ff
g = patan3a, ©1=Cocos3d, Gz = Gpsein3a;
(0,0) is a strict local minimum if p > po := 5(—cos a + d cosec d)

. —A(_A 2 1
® 4> Ootherwise if p > p* := - (_E cot a + cosec a) tan za



Reduction
n(x, z) ~ 62¢(ex, 6°2)
Write
¢1 = (co—6%)coe ga, ¢35 = (co — &°)sin 3a,
Write > >
m=xeug)n 2= (1-x(ug))n
where y is the characteristic function of this set:

k
k4] < 6,

% <6
Consider
2(on B2)J(n1 +n2) =0, (1)
(1= x(os, %))J(m +n2)=0 (2)

Solve (2) for no = n2(n4) and insert into (1) to yield the reduced
equation

2(00 B)J(1 + na(nn) = 0
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Reduction

Write
m(x z) = 62¢(ex, 6°2)

The reduced equation is

&72g(e01,652)C + 20 + x(e01,682) (oagz + Q(e;%"g"Y)) =0 (%)
for { € Bg(0) C x(am,ag—f))’, where

Y = {u € L2(R?) : |u|l2 = J (4 +E+ é) k)2 dk < oo}
R2 K5
Replace ¢ with x(am,ag—f)cj and work in the fixed space Y
In the limit ¢ — O we obtain the KP-I equation

Co— —§5—5Cz=0
from (%) !



Existence
The symmetric solutions g, of

D2
Cxx — —éC—:’:Cz:o
1
are non-degenerate in the class of solutions symmetric under
(% 2) = (=% 2), C(x,2) = {(x,—2)

The reduced equation (x) has this symmetry (inherited from the
original problem)

Apply an implicit-function theorem argument to () in the space
Yo={C €Y :((x2) ={(-x—2)}

() has symmetric solitary waves for small values of ¢




