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Homoclinic orbits in Hamiltonian systems




Homoclinic orbits in Hamiltonian systems
9« = GpH = g,
, =P =pa—Cq

H=3p"—2nq +Cq°
+0(Hl(q.p)I* + 1(a.P)I)

ax = GpH = g,
px=—04H =g - Cq’

H = 3p® - 3uq* + Cq’*
+0@l(g. p)I® + (g, P) )

q(x) = .\/? sech \/ux + O(p)

® Persistence by reversibility



Solitary water waves

® Wave of depression with strong surface tension (Kirchgassner
1988)
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#® Gravity wave of elevation ‘riding’ a flow with large constant
vorticity (Kozlov, Kuznetsov & Lokharu 2020)




Solitary waves on a ferrofluid jet

® Axisymmetric surface waves on a ferrofluid jet surrounding a
current-carrying wire (Groves & Nilsson 2018)

a 4



Three-dimensional travelling water waves

#® Periodic gravity-capillary travelling water waves with a localised
transverse profile (Groves 2001)




Framework

Begin with a spatial dynamics problem

ux = f*(u) inr,
Bf(u)=0 on ar

® The domainr is fixed
® Reversible: there is a reverser S with

#(Su) = —f¥(u), BH(Su) = £B*(u)
#® Hamiltonian: there is a Hamiltonian system (X, O¥, H*) with
O], (FH(u), v) + Y(BH(u), v) = dHF[u](v)

for all v



Step 1: Linearise the boundary conditions

uy = f*(u) inr,
Bf(u)=0 on ar

Use a near-identity change of variables
u=v+Gv), G*(v) = O([ullIvll + IVII®)
to linearise and de-parametrise the boundary conditions:

v = L(v) + NF(v) inr,
Lg(v) =0 onar,

where L = df°[0] and Lg = dBC[0]

# Hamiltonian: (X, 9}, ., H},,) with Hj,(v) = H*(v + G*(v)) and
Qﬁ:olo = QOIO



Step 2: Centre-manifold reduction
ve = L(v) + NF(v) in X,

where
L:DCX—-X, NeC?(DxR,X)

L is a Riesz spectral operator (its generalised eigenvectors form
a Riesz basis {¢;} for X):

mX= {X,’@,’ H {X,’} € gZ}
m D = {xe : {Ax} € ¢} (if all eigenvalues are simple)

Write X = X, ® X;,, where

X = sp{ei: & € iR}, Xn =sp{e;: A € IR}
and dimX, < o
Spectral projections:

PSV = Z (V,fi>6i’

iAES

where {f;} is the dual Riesz basis



Step 2: Centre-manifold reduction

v = L(v) + NF(v) in X,

where
L:DCX—X, N e C?(D xR, X)

#® All small globally bounded solutions lie on
Mo = {(ve,vn) : v = W (v)},
where h(ve) = O(lplllvel + llve||*)

#® Reduced equation:

Vex = Lvg + N¥(vg + B (v;))

m Hamiltonian: (X, Qcm, Hem) With Hb(vs) = H,(vs + h¥(v;)) and
ng IO = Qﬁ:olo



Step 3: Coordinates for the centre manifold

Consider the special case v, = ge + pf, where Le =0, Lf = ¢
Use a symplectic basis for X;, such that 2%y (e, f) = 1:

Q?mlo(v;,l’vcz) = Qc&in(‘/I Ve ) q P _P q
Use a near-identity ‘Darboux’ change of variables
Ve =W +D¢(we),  DH(wo) = O([ulllwel| + [lwol[?)

to transform (X;, Qgm, Hom) INtO (X5, Qcan, Hrea), Where
HyeaWe) = Hom(We + DH(ws))
Possibly use a further near-identity ‘(partial) normal-form’
transformation that does not change Q..
Final result:

Gx = FpMrea(@P),

Px = —0qHe4(a. P)
m Reversible: 5(q,p) = (g, —p) if Se = ¢, Sf = —Ff



How to calculate H,.;?

u=v+G'yv)
ve + R (v) + G*(ve + H(v;))

+ DH(w;) + W (ws + DH(wg))

+ GH(w + D¥(w,) + H(w; + DH(wy)))
we + K (we), K (we) = Ol [Iw| + [Iwe|[*)
H‘rled(wc) = HP(WG + kp(Wc))
Coefficients in the Maclaurin series

K (we) = Z ki, jzuthjz

Ifq+p>2
Ja+i21

Il

can be calculated by substituting u = w;, + k#(w,) into
Uy = (u) inQ,
Bf(u)=0 on 90
Simplify using
O], (FH(u), v) + Y(BH(u), v) = dHF[u](v)



How to calculate H,.4?

® The coefficient of g° in H., is

Cs = Hi(e,e,€)

® [f C5 = O the coefficient of g* in H., is
Cs = Hg(e, e.e6)+ %Hg(e, e,ko20),
where

fkozo = —f3(e,€),

ngo,go = —Bg(e, 6)



Solitary waves on a ferrofluid jet

Axisymmetric travelling waves:
m 1(z,6,t) = n(z — ct)
m The hydrodynamic problem decouples

Formulate in terms of (1, ¢)



Solitary waves on a ferrofluid jet

The governing equations

¢,r+%¢,+q>zz=o, 0<r<4+n()
¢r =0, r=20,
Nz + qbr ¢znz =0, r=1+ ﬂ(Z),
L
472 + (¢r + ¢z ,] +1

1 Nzz _ 3
(s 1) =0 et

follow from the formal variational principle

§J {J:n(%mpﬁ + %rqbf - r¢z> dr

—aT(n) +P(1 +n)(1+m)"2 - %PM + n)z}dz =0



Solitary waves on a ferrofluid jet

#® ‘Flatten’ the equations with the transformation

®(s,2) = P(r, 2)

#® The flattened equations follow from the variational principle

1 J L(n, ®; 0., $,)dz =0,
where

L(n, Pz, ®;) =

1 2

1 sn, P, N, Ps

—(ed?+ | @, - 1402 | — | &, — 14025 »d
L{2<5 6+|: 4+’7:| ( +fl)5> ( 1+n (e °

—aT() + B+ 1)1 + 202 = 2P 40




)
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Solitary waves on a ferrofluid jet
Variational principle: 5JL(r), &N, P,)dz=0

Legendre transform:

5L
w = W g = = : r’Z = ”z(n;w;q);g);q)z = q)z(n:w:d):g)
zZ

and
4

Hn, w, @, &) = nw + J s®,€ ds — L(n, D, 15, P;)
)

T[4 g 2 1
= .[o {E I:(/] e +4] “ +n)25— Ee@?} ds

+aT(n) = (4 + = W2 + (4 +1),

1 1 M -
where W = W+ J o2 ®,Z ds | satisfies |W| < p

1

Q((m,%w«&),(nz, d>2,w2,§2)) =woly — w2 +J (Eo®q —E4P2)rdr
0

Reversibility: 5(1, w, @, &) = (1, —w, —P, §)



Eigenvalues

4

%




Reduction

Rese P=po> 1

2
: Cs $ y=2+p%

ENTEN



Solitary waves on a ferrofluid jet

® Write
p>3, y=2+yp

# After scaling z and g one obtains the reduced Hamiltonian

Hey = 3p? — 2ug? + (aT™(0) — 6)4° + O|(. p)I? + (g, P)I)




Riesz bases
® A sequence {¢} is a Riesz basis for X if and only if

n
5 a

=1

2 n
S lal?

=1

#T=x  laPs

for all a4, ..., a, (uniformly in n).

® Suppose that {¢;} is a Riesz basis for X and that {f;} is a

sequence with the properties that

[e2]
() Yafi=0 = a=0,1=12,...
=1

(i) > lles — #ll* < co.
i=1
Then{f;} is a Riesz basis for X.

® The spectrum of a linear operator with compact resolvent
consists of isolated eigenvalues of finite multiplicity and its

generalised eigenvectors have the property (i).



Example (from water waves)

Let pp > £. The operator L : D C X — X, where

X = {(n,w,cp W) eR xR x A1(0,1) x [2(0, 4)}

D= {(r),w,d? W) €R x R x A2(0,1) x A'(0,1) :
1

/I
@:(0) =0, ~@:(1) + - (w - JO 20, dz> - o}

;—o (w - fg zd, dz)
0]
)]

—P,; — ;—O (a) - fg z®, dz)

has compact resolvent. We will show that it is a Riesz spectral
operator.

and

€9€ =



Spectrum
® le=0,Lf =e where

O

.h
1l
NS
O
+ s
ol

® Le, = Anen, Where {A,}rez\ (0} IS @ real sequence with
B A,=—A,
B A€ (n—1Nxnx)forn=1,2,...,
m 2 =nPn? - 240 (i> for large n.
Po n
The eigenvectors are

1 .
2, 8in n
0]
1 A 1 2 A
3 €08(Anz) — 3 8in Ay
n /[ n
c05(Anz) — 3- 8in Ay
n

€n =



Auxiliary result

{((nﬂ:)"4 coa(nm:z)) }
cos(nmz) nez\{0}

is a Riesz basis for A"(0,1) x [2(0,1).

The set

[ed] @
) {\/§ coe(nm:z)} and {\/Q(nazW cos(nazz)} are orthonormal
_ n=~ _ n=1
bases for [2(0,1) and A"(0, 1) respectively.

(nm)™" cos(nzz)
® o {( cos(nmrz) )}n ez\{0}

B V2(nm)™ cos(nz) 0 ?
=P 0 ’ \/§coa(nm:z) e

—1 n
Z ((m)cosc’o;z::mz> < S lal

Jil=1 lil=1

» Zlal2<

lil=1

for all a4, ..., ax, (uniformly in n).



Corollary

The set
0

0]
(n)™" cos(nxz)
cos(nmz)

{e.f}uU 1

nez\{0}
is a Riesz basis for X =R x R x A1(0,1) x [2(0,1)



Riesz basis

The set {e,f} U {en}, is a Riesz basis for X.

eZ\{0}

’ae+ﬁf+z Ynen=0 = a=p=y,=0.
nez\{0}

® Furthermore

0
0
2 2
lle —ell® + If = £II* + Z €n V2(nm)~" cos(nmz)
”GZ\{O}L V2 cos(nmz)
~

S

A — |”[-’"3| =0(1)

<w



