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Abstract
In the stability analysis of pulse patterns in singularly perturbed reaction-diffusion systems, the

scale separation is often exploited to reduce complexity. There are various methods to decompose
the spectrum of the linearization about the pattern into slow and fast pieces and thus gain control
over the spectrum in the asymptotic limit. These reduction methods have been developed in proto-
type models such as the FitzHugh-Nagumo, Gray-Scott and Gierer-Meinhardt equations, which are
of slowly linear nature, i.e. the slow dynamics away from the pulses are driven by linear equations.
Recently, these methods were extended to homoclinic pulses in a general, slowly nonlinear class of
reaction-diffusion systems. Yet, a straightforward extension to periodic pulse solutions is impossible
due to two major obstructions. First, the reduction methods that lead to asymptotic spectral control
for the homoclinic pulses, fail for periodic patterns in slowly nonlinear systems. Second, there is a
curve of spectrum attached to the origin that shrinks to the origin in the asymptotic limit, whereas
for homoclinic pulses only a simple eigenvalue resides at the origin. Therefore, controlling the spec-
trum in the asymptotic limit is insufficient to decide upon stability. The first obstruction has been
addressed in the companion paper [8]. In this paper we focus on the second obstruction: we obtain
leading-order control over the critical spectral curve attached to the origin. The proof relies on Lin’s
method and utilizes exponential trichotomies. Our results yield explicit conditions for nonlinear sta-
bility and instability. Moreover, we gain insight into destabilization mechanisms of periodic pulse
solutions.

Keywords. Spectral stability, reaction-diffusion systems, singular perturbations, periodic pulse pat-
terns, Lin’s method

1 Introduction

Reaction-diffusion systems with a strong spatial scale separation exhibit a large variety of patterns and
have attracted much interest as a (simplified) model describing dynamical processes. For instance, they
have been employed to model the propagation of nerve impulses through axons [24], the formation of
spots and stripes on animal skin [33], the development of vegetation patterns [29] and the dynamics of
flame fronts arising in combustion theory [52]. Nowadays, singularly perturbed, semi-linear reaction-
diffusion systems on the line of the form

ut = D1ux̌x̌ − H(u, v, ε),

vt = ε2D2vx̌x̌ −G(u, v, ε),
u(x̌, t) ∈ Rm, v(x̌, t) ∈ Rn, (1.1)

where 0 < ε � 1 is asymptotically small and D1,2 are non-negative diagonal matrices, serve as a paradig-
matic class for the study of patterns. The scale separation in (1.1) induces a slow-fast decomposition in
both the existence and stability analyses, which reduces complexity.

In the existence analysis, patterns can be obtained by concatenating orbit segments of slow and fast
reduced systems, which arise by taking the limit ε → 0 in properly scaled versions of (1.1). The ob-
tained patterns exhibit spatially localized fronts and pulses, while they vary slowly in between those
localized interfaces – see Figure 1.
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Figure 1: A periodic pulse solution in a reaction-diffusion system with two components. The v-
component exhibits localized pulses and the u-component varies slowly.

In the stability analysis, the slow-fast decomposition manifests itself through a complex-analytic deter-
minant-type function: the Evans function [1, 3, 16, 19], which vanishes on the spectrum of the lin-
earization of (1.1) about the pattern and thus is a tool to locate the spectrum. In many specific mod-
els [1, 10, 15, 18, 39] it has been shown using geometric methods that the Evans function Eε factorizes
in accordance with the scale separation

Eε = Es,ε · E f ,ε, (1.2)

into a slow and a fast component. Taking the limit ε → 0 in (1.2) leads to an analytic reduced Evans
function

E0 = Es,0 · E f ,0, (1.3)

whose factors can be derived explicitly through slow and fast reduced eigenvalue problems, which are
lower-dimensional and arise by taking the limit ε → 0 in properly scaled versions of the full eigenvalue
problem. The roots of E0 approximate those of Eε via winding number arguments yielding control over
the spectrum in the limit ε→ 0 – see Figure 2.

The geometric factorization procedure of the Evans function has been developed in the context of
prototype models such as the Gray-Scott [10], Gierer-Meinhardt [9, 47] and FitzHugh-Nagumo equa-
tion [1, 15]. These models are of slowly linear nature, in the sense that the dynamics of the slow u-
components in between localized fast pulses or fronts are driven by linear equations. In the context of
the periodic pulse solution shown in Figure 1, slow linearity entails that the dynamics of (1.1) in the rest
state v = 0 is linear, i.e. the coupling term H(u, 0, ε) in (1.1) is linear. The geometric factorization pro-
cedure has been generalized in [14] to homoclinic pulse solutions in a general class of slowly nonlinear
reaction-diffusion systems with two components. Earlier, the stability of fronts was studied in a specific
slowly nonlinear model in [11].

Figure 2: Spectral approximation using winding number arguments: the roots of E0 approximate those
of Eε.
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(a) Essential spectrum attached to the origin associated with periodic structures

(b) Point spectrum associated with fast pulses in the FitzHugh-Nagumo equations

Figure 3: Controlling the spectrum in the limit ε → 0 is insufficient to determine the spectral configura-
tion about the origin.

The introduction of a slow nonlinearity in (1.1) yields more than just additional technicalities. For
instance, it is shown in [49] that, unlike known classical slowly linear examples such as the Gray-Scott
and Gierer-Meinhardt models, Hopf bifurcations for homoclinic pulses can be supercritical in the slowly
nonlinear regime. Such a bifurcation could even be the first step in a sequence of further bifurcations
leading to complex (amplitude) dynamics of a standing solitary pulse – as suggested by simulations
in [50]. These observations indicate that the dynamics of periodic pulse solutions in slowly nonlinear
systems might be very rich.

This paper is devoted to periodic pulse solutions to a general class of multi-component, slowly non-
linear reaction-diffusion systems of the form (1.1), i.e. we allow for general dimensions n,m ≥ 1 and a
large class of nonlinearities H and G – see §2 for the precise details. The solutions under consideration
are stationary and spatially symmetric. Moreover, they exhibit exponentially localized pulses in the fast
v-components, but admit non-localized behavior in the slow u-components – see Figure 1.

Thus, our work can be considered as the extension from homoclinic to periodic structures within the
general, slowly nonlinear class of systems in [14]. However, there are two major obstructions. First,
the geometric factorization method of the Evans function fails for periodic structures in slowly nonlinear
systems. Second, the spectrum is composed of curves parameterized over the unit circle S 1 by Floquet
theory [19]. Due to translational invariance of the periodic pulse profile in space there is an entire curve
of spectrum attached to the origin, whereas for the homoclinic pulse solutions in [14] there is only a
simple eigenvalue residing at the origin. We will see that this critical spectral curve shrinks to the origin
in the asymptotic limit ε → 0. Therefore, controlling the spectrum in the limit ε → 0 is insufficient
to decide upon stability of periodic pulse solutions and a local higher-order analysis is required to de-
termine the fine structure of the spectrum about the origin – see Figure 3a. This contrasts sharply with
the homoclinic case in [14] where spectral and nonlinear stability – see [23] – follows if E−1

0 (0) \ {0} is
contained in {λ ∈ C : Re(λ) < 0} and E′0(0) is non-zero.
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Figure 4: A piecewise continuous eigenfunction ϕε,λ with jumps occurring in the middle of the front and
the back of the fast pulse to the FitzHugh-Nagumo equations.

The first obstruction has been addressed in [8], where a generalized analytic alternative to the geometric
factorization procedure of the Evans function is presented that does work for periodic structures in the
slowly nonlinear regime. In [8] one establishes the validity of both the decomposition (1.2) and its singu-
lar limit structure (1.3) by employing the Riccati transform. The factors E f ,0 and Es,0 can be determined
explicitly in terms of lower-dimensional reduced eigenvalue problems. This leads to control over the
spectrum in the limit ε→ 0.

In this follow-up paper we address the second obstruction: we obtain leading-order control over the
critical spectral curve attached to the origin, i.e. we rigorously expand the curve in terms of the parame-
ter ε. Our analysis is based on the methods developed in [5, 44] – we refer to Remark 1.1 for alternative
methods. Note that the spectrum of the linearization is made up of point spectrum, consisting of isolated
eigenvalues of finite multiplicity, and its complement, the essential spectrum [42]. In the stability anal-
ysis [5] of (fast) traveling pulses in the FitzHugh-Nagumo equations, 0 is a double root of the reduced
Evans function E0, while the essential spectrum is confined to the open left half-plane. Consequently,
there are two eigenvalues close to the origin. One of these eigenvalues resides at the origin due to transla-
tional invariance, while the position of the other eigenvalue with respect to the imaginary axis is decisive
for stability. Yet, controlling the spectrum in the limit ε→ 0 is insufficient to determine its location – see
Figure 3b. There are several approaches to attack this problem – see [25, 51]. In [5] one constructs using
Lin’s method [30, 41, 48] a piecewise continuous eigenfunction of the linearization for each prospective
eigenvalue λ near the origin. The eigenfunction admits exactly two jumps that occur in the middle of the
front and the back of the pulse profile – see Figure 4. Finding eigenvalues reduces to identifying values
of λ for which these jumps vanish. Melnikov theory provides leading-order expressions for these jumps
that can be solved for λ, which yields that the critical eigenvalue lies in the open left half-plane. This
proves nonlinear stability for the traveling pulse.

In [44] the spectral configuration about the origin is determined for (long-wavelength) periodic wave
trains that accompany homoclinic pulse solutions to general reaction-diffusion systems. The spectral
curves associated to the wave trains shrink to the eigenvalues associated with the limiting homoclinic as
the wavelength tends to infinity [20, 43]. Therefore, spectral stability of the homoclinic pulse is insuffi-
cient to decide upon stability of nearby periodic wave trains, because the translational eigenvalue of the
homoclinic at the origin generates a critical curve of essential spectrum of the wave trains that touches
the imaginary axis. One proceeds in [44] by constructing a piecewise continuous eigenfunction for every
potential eigenvalue near the origin using Lin’s method. The eigenfunction admits exactly one jump on
a single periodicity interval, which can be expressed in terms of the eigenvalue λ, the Floquet multiplier
γ and the period L. Using Melnikov theory one obtains an expansion of the critical spectral curve λL(γ)
in terms of the period L.
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The situations in [5] and [44] do not directly translate to our situation, since we consider periodics that
do not lie in the vicinity of a homoclinic. Nevertheless, we adopt a similar approach: using Lin’s method
we obtain a piecewise continuous eigenfunction of the linearization for any potential eigenvalue λ near
the origin. In contrast to [44], we do not use the homoclinic limit structure as a framework for the con-
struction of the eigenfunction; instead the singular limit structure serves as a backbone like in [5]. On the
other hand, as in [44], Floquet theory yields boundary conditions for the eigenfunction on a single period-
icity interval, whereas one requires in [5] that the eigenfunction is exponentially localized on the real line.

Our construction of the piecewise continuous eigenfunction yields a Lyapunov-Schmidt type reduction
procedure: finding the critical spectral curve attached to the origin reduces to equating the jumps to zero.
The Fredholm alternative allows us to find expressions for these jumps that can then be solved. Eventu-
ally, we obtain a leading-order expression for the critical spectral curve in terms of lower-dimensional,
variational equations about the orbit segments that constitute the periodic pulse profile in the limit ε→ 0.
Moreover, we find that the critical spectral curve is confined to the real axis and scales with ε2.

Thus, we gain both control over the spectrum in the limit ε → 0 through the Evans-function analy-
sis in [8] and leading-order control over the critical spectral curve through the analysis in this paper. This
leads to explicit criteria yielding nonlinear stability and instability of the periodic pulse solution in terms
of simpler, lower-dimensional (eigenvalue) problems. We refer to [12] for calculations in an explicit
slowly nonlinear model equation that illustrate this reduction.

Our spectral analysis simplifies in the cases in which either n = 1, m = 1, or both n = m = 1. Then, the
associated reduced eigenvalue problems are of Sturm-Liouville type and well-understood. In the case
n = m = 1, our results yield deep insights into destabilization mechanisms of periodic pulse solutions
to (1.1). If a periodic pulse solution destabilizes, then generically one of the aforementioned stability
criteria fails, whereas the others are still valid. The obtained spectral grip allows us to precisely identify
the type of instability occurring depending on which one of these criteria fail. In addition, we establish
that generic (primary) instabilities must be of sideband, Hopf or period doubling type, whereas in general
reaction-diffusion systems also Turing and fold instabilities are robust for symmetric, spatially periodic
patterns [38].

This paper is structured as follows. In §2 we introduce the class of reaction-diffusion systems under
consideration. Moreover, we review and refine the existence result from [8], because the analysis in this
paper requires sharper estimates on the error between the periodic pulse solutions and their singular limit
profile. In §3 we present the main result of this paper, i.e. we provide the expansion of the critical spec-
tral curve attached to the origin. Together with the spectral control through the Evans-function analysis
in [8], our main result yields explicit conditions in terms of simpler, lower-dimensional systems for non-
linear stability and instability. In §4 we focus on destabilization mechanisms of periodic pulse solutions.
In §5 we perform our actual spectral analysis and establish the leading-order geometry of the critical
spectral curve using Lin’s method. Finally, Appendix A contains some technical results on exponential
di- and trichotomies, which are needed for our spectral analysis.

Remark 1.1. In [15, 47] one studies the stability of periodic structures in the FitzHugh-Nagumo and
Gierer-Meinhardt models. As in our situation, an entire curve of eigenvalues is attached to the origin,
which shrinks to the origin in the limit ε → 0. The stability properties of the periodic pattern depend
on the leading-order geometry of this critical spectral curve. Instead of Lin’s method, one uses different
methods in [15, 47] to determine the leading-order geometry. In the stability analysis [15] of wave trains
in the FitzHugh-Nagumo equations one employs power series expansions of certain integral operators to
control the asymptotic behavior of solutions to the eigenvalue problem. A careful matching procedure
then gives two solvability conditions, which lead to the desired critical spectral curve. Together with an
Evans-function analysis, this yields nonlinear stability of the periodic wave train.
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Finally, in the stability analysis of periodic pulse solutions to the Gierer-Meinhardt equations in [47], one
applies a Fredholm alternative to the eigenvalue problem, which leads to a solvability condition in terms
of the eigenvalue λ, the Floquet multiplier γ and the corresponding eigenfunction. By expanding the
eigenfunction in terms of ε and γ in- and outside the pulse region separately, a leading-order expression
for the critical spectral curve λε(γ) is obtained. By complementing the analysis about the origin with an
Evans-function analysis, stability or instability of the periodic pulse pattern is established depending on
system parameters. �

Remark 1.2. This paper focuses on stationary, spatially symmetric, periodic pulse solutions to (1.1).
Spatially symmetric solutions arise naturally when substituting a stationary wave Ansatz in (1.1), be-
cause the associated existence problem admits a reversible symmetry. Moreover, linearizing (1.1) about
a stationary, spatially symmetric solution, yields a reversibly symmetric eigenvalue problem. These
symmetries can be broken by adding advection terms to system (1.1) or by studying traveling-wave so-
lutions to (1.1) instead of stationary ones. In some applications advection terms occur naturally, leading
to reaction-advection-diffusion models [2, 29]. It is therefore an interesting and relevant question how
symmetry breaking affects our analysis.

In general, the spectrum associated with periodic wave trains to reaction-advection-diffusion systems
consists of continuous images of the unit circle S 1 [19]. The presence of symmetry yields degenerate
spectrum: the image of S 1 covers each curve of spectrum twice. Thus, breaking the symmetry changes
the structure of the spectrum fundamentally. Our expansion method of the critical spectral curve is based
on the analyses in [5, 44] using Lin’s method. Both in [5] and in [44] the eigenvalue problem does
not admit a (reversible) symmetry, since one considers traveling waves. Therefore, we expect that the
present expansion method remains valid in the non-symmetric case. Yet, we foresee that the outcome
of the analysis will be different: we conjecture that the critical spectral curve is no longer confined to
the real axis and scales with ε instead of ε2, since the O(ε)-terms in the expansion will no longer vanish
due to parity arguments. Our hypothesis is further strengthened by the fact that the critical spectral curve
associated with periodic traveling waves in the FitzHugh-Nagumo equations scales with ε and is non-real
– see [15]. �

2 Setting

2.1 Class of slowly nonlinear reaction-diffusion systems

In this paper we consider the same general class of multi-component, slowly nonlinear reaction-diffusion
systems as in the companion paper [8]. We shortly recap the derivation in [8, Section 2.1] of our model
class from the general reaction-diffusion system (1.1). First, we allow for general dimensions m, n ∈ Z>0
in (1.1) and we require that the diagonal matrices D1,2 are positive. Next, we write

H(u, v, ε) = H(u, 0, ε) + H̃2(u, v, ε),

where H̃2(u, v, ε) := H(u, v, ε) − H(u, 0, ε), so that H̃2 vanishes at v = 0. To sustain stable localized
patterns in semi-strong interaction [37] in system (1.1), we allow H̃2(u, v, ε) to scale with ε−1 and define

H2(u, v) := lim
ε→0

εH̃2(u, v, ε).

Thus, we obtain

H(u, v, ε) = H1(u, v, ε) + ε−1H2(u, v),

with H1(u, v, ε) := H(u, 0, ε) + [H̃2(u, v, ε) − ε−1H2(u, v)]. By construction H2(u, v) vanishes at v = 0.
We emphasize that H2(u, v) ≡ 0 is allowed in our analysis. However, in the case n = 1, this yields only
unstable periodic pulse solutions – see [8, Remark 3.14]. Finally, we require that G vanishes at v = 0.
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We refer to [8, Remark 2.6] for an extensive discussion of this last condition. Thus, our model class is of
the form

ut = D1ux̌x̌ − H1(u, v, ε) − ε−1H2(u, v),

vt = ε2D2vx̌x̌ −G(u, v, ε),
u ∈ Rm, v ∈ Rn, x̌ ∈ R, (2.1)

or, in the small spatial scale x = ε−1 x̌

ε2ut = D1uxx − ε
2H1(u, v, ε) − εH2(u, v),

vt = D2vxx −G(u, v, ε),
u ∈ Rm, v ∈ Rn, x ∈ R. (2.2)

The aforementioned conditions read:

(S1) Conditions on the interaction and diffusion terms
There exists open, connected sets U ⊂ Rm,V ⊂ Rn and I ⊂ R with 0 ∈ V and 0 ∈ I such that H1,G
and H2 are C3 on their domains U×V × I and U×V , respectively. Moreover, we have H2(u, 0) = 0
and G(u, 0, ε) = 0 for all u ∈ U and ε ∈ I. Finally, D1,2 are positive diagonal matrices.

Remark 2.1. If we have n = 1, we can without loss of generality assume D2 = 1 in (2.1) by rescaling
the spatial variable x̌. Similarly, in the case m = 1, we can without loss of generality assume D1 = 1 by
rescaling the parameter ε. �

2.2 Existence of periodic pulse solutions

This paper is concerned with stationary, reversibly symmetric, periodic pulse solutions to the slowly non-
linear class (2.2) of reaction-diffusion equations. In this subsection, we outline the construction of such
solutions as exhibited in [8, Section 2.3]. Moreover, we present a refinement of some of the existence
results from [8], because the analysis in this paper requires sharper estimates on the error between the
periodic pulse solutions and their singular limit profile.

Finding stationary solutions to (2.2) is equivalent to solving the singularly perturbed ordinary differential
equation

D1ux = εp,

px = εH1(u, v, ε) + H2(u, v),

D2vx = q,

qx = G(u, v, ε),

(u, p, v, q) ∈ R2(m+n), (2.3)

which is R-reversible, where R : R2(m+n) → R2(m+n) is the reflection in the space p = q = 0. In [8, Section
2.3] it is shown that periodic pulse solutions to (2.3) arise from a concatenation of solutions to a series
of reduced subsystems of (2.3). If we set ε = 0 in (2.3), we obtain the fast reduced system

ux = 0,

px = H2(u, v),

D2vx = q,

qx = G(u, v, 0),

(u, p, v, q) ∈ R2(m+n). (2.4)

System (2.4) is governed by the family of 2n-dimensional systems

D2vx = q,

qx = G(u, v, 0),
(v, q) ∈ R2n, (2.5)
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parameterized over u ∈ U. Note that (2.5) is R f -reversible, where R f : R2n → R2n is the reflection in the
space q = 0. We observe that the slow manifold

M := {(u, p, 0, 0) : u ∈ U, p ∈ Rm},

consists entirely of equilibria of (2.4) by assumption (S1). We requireM to be normally hyperbolic.

(S2) Normal hyperbolicity
For each u ∈ U the symmetric part Re(G(u)) = 1

2

(
G(u) + G(u)T

)
of G(u) := ∂vG(u, 0, 0) is positive

definite.

When ε > 0, the manifoldM consists no longer of equilibria, but remains invariant. In the spatial scale
x̌ = εx, the flow restricted toM is to leading order governed by the slow reduced system

D1ux̌ = p,

px̌ = H1(u, 0, 0),
(u, p) ∈ R2m. (2.6)

System (2.6) is Rs-reversible, where Rs : R2m → R2m is the reflection in the space p = 0.

The dynamics around the normally hyperbolic manifoldM is captured by Fenichel’s geometric singular
perturbation theory [17]. In [8, Section 2.3] a singular periodic orbit is constructed by concatenating a
pulse solution to the fast reduced system (2.4) with an orbit segment on the slow manifoldM governed
by the slow reduced system (2.6). Subsequently, Fenichel’s theory is employed to establish an actual
periodic pulse solution to (2.3) in the vicinity of the singular one.

The existence of a pulse solution in the fast reduced system (2.4) is guaranteed by the following as-
sumption:

(E1) Existence of a pulse solution to the fast reduced system
There exists u� ∈ U such that (2.5) has for u = u� a solution ψh(x, u�) = (vh(x, u�), qh(x, u�))
homoclinic to 0. The stable manifold W s

u�(0) intersects the space ker(I − R f ) transversely in the
point ψh(0, u�).

Since transverse intersections are robust under perturbations, assumptions (S2) and (E1) imply the exis-
tence of an open neighborhood Uh ⊂ U of u� such that for every u ∈ Uh there exists a solution ψh(x, u)
to (2.5), which is homoclinic to 0, such that W s

u(0) t ker(I − R f ) = {ψh(0, u)}. The homoclinics ψh(x, u)
yield solutions

φh(x, u) :=
(
u,

∫ x

0
H2(u, vh(z, u))dz, vh(x, u), qh(x, u)

)
, u ∈ Uh,

to the fast reduced system (2.4), which are homoclinic toM. The limit points limx→±∞ φh(x, u) lead to
the so-called take-off and touch-down manifoldsT± := {(u,±J(u)) : u ∈ Uh} onM, whereJ : Uh → R

m

is defined by

J(u) =

∫ ∞

0
H2(u, vh(z, u))dz. (2.7)

Since 0 is a hyperbolic saddle in (2.5), there exists constants C, µh > 0 such that

‖φh(±x, u) − (u,±J(u), 0, 0)‖ ≤ Ce−µh x, x ≥ 0, u ∈ Uh. (2.8)

The manifolds T± allow us to piece the pulse solutions φh to orbit segments onM. By reversibility of
the slow and fast reduced systems, it holds Rs[T+] = T−. Therefore, to establish a connection between
the take-off and touch-down manifolds T±, it is sufficient to find an orbit in (2.6) that starts on the touch-
down manifold T+ and crosses ker(I − Rs) at some point. This is ensured by the following assumption.
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(E2) Existence of connecting orbit in slow reduced system
There exists a solution ψs(x̌) = (us(x̌), ps(x̌)) to system (2.6) with initial condition ψs(0) ∈ T+

and ψs(`0) ∈ ker(I − Rs) for some `0 > 0. Moreover, let Φs(x̌, y̌) be the evolution operator of the
associated variational equation

ϕx̌ = As(x̌)ϕ, ϕ ∈ R2m, (2.9)

with

As(x̌) :=
(

0 D−1
1

∂uH1(us(x̌), 0, 0) 0

)
.

Denote u0 := us(0), H1(u0, 0, 0) = (h1, . . . , hm) and for i, j ∈ {1, . . . ,m} by Ai j the (m×m)-submatrix
of

Φs(`0, 0)
(

I
∂uJ(u0)

)
,

containing rows {i,m + 1, . . . , 2m} \ {m + j}. There exists i∗ ∈ {1, . . . ,m} such that

m∑
j=1

(−1) jh j det(Ai∗ j) , 0. (2.10)

We will refer to (2.9) as the slow variational equation. By concatenating the orbits of ψs and φh, we
obtain the singular periodic pulse

φp,0 := {(ψs(x̌), 0) : x̌ ∈ (0, 2`0)} ∪ {φh(x, u0) : x ∈ R} ⊂ R2(m+n). (2.11)

We emphasize that φp,0 is smooth, except at the two corners (u0,±J(u0), 0, 0) = (us(0),±ps(0), 0, 0). Ro-
bustness of the structure (2.11) at the corners is ensured by the technical (transversality) condition (2.10)
in assumption (E2) – we refer to [8, Section 2.3] for a more extensive discussion.

In [8, Theorem 2.11], Fenichel’s theory is employed to construct a periodic pulse solution to (2.3) close
to the singular concatenation (2.11) for 0 < ε � 1. We provide a more refined result below, since we
require sharper estimates for the analysis in this paper.

Theorem 2.2. Assume (S1), (S2), (E1) and (E2) hold true. Then, there exists constants C, µ0, ε0 > 0
such that for each ε ∈ (0, ε0) there exists a solution φp,ε(x) to (2.3) satisfying the following assertions:

1. Periodicity
φp,ε is 2Lε-periodic, where

|εLε − `0| ≤ Cε. (2.12)

2. Reversibility
We have φp,ε(x) = Rφp,ε(−x) for x ∈ R.

3. Singular limit
Define for θ ≥ µ−1

0 the quantity Ξθ(ε) := −θ log(ε). The solution φp,ε approximates the pulse as∥∥∥φp,ε(x) − φh(x, u0)
∥∥∥ ≤ CεΞθ(ε), x ∈ [−Ξθ(ε),Ξθ(ε)], (2.13)

and it approximates the orbit segment on the slow manifold as∥∥∥φp,ε(x) − (ψs(εx), 0)
∥∥∥ ≤ Cε, x ∈ [Ξθ(ε), 2Lε − Ξθ(ε)]. (2.14)
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4. Exponential convergence to slow manifold
We have the estimate

d(φp,ε(x),M) ≤ Ce−µ0 min{x,2Lε−x}.

Proof. In the following, we denote by C > 0 a constant, which is independent of ε. Moreover, we choose
a 2m-dimensional compact submanifoldM0 ofM that contains the orthogonal projection of the singular
orbit (2.11) onM.

Besides the estimates (2.12), (2.13) and (2.14) the result follows directly from [8, Theorem 2.11]. To
prove the remaining estimates, we put system (2.3) into its Fenichel normal form – see [26, Proposition
1] – in an ε-independent neighborhood D ⊂ R2(m+n) ofM0. For 0 ≤ ε � 1, there exists a C1-change of
coordinates Ψε : D → R2(m+n), depending C1-smoothly on ε, in which the flow of (2.3) is given by

ax = A(a, b, c, ε)a,

bx = B(a, b, c, ε)b,

cx = εK(c, ε) + H(a, b, c, ε)(a ⊗ b),

a, b ∈ Rn, c ∈ R2m, (2.15)

where the functions A, B,K and H are C1 in their arguments, K maps to R2m, A and B map to the square
matrices of order n and H maps to tensors of appropriate rank. Moreover, there exists ∆ > 0 and an open
and bounded set UF ⊂ R

2m such that the image Ψε(D) contains the compact box

B :=
{
(a, b, c) : ‖a‖, ‖b‖ ≤ ∆, c ∈ UF

}
.

In addition, there exists µ0 > 0, independent of ε, such that

Re(σ(A(a, b, c, ε))) ≤ −µ0, Re(σ(B(a, b, c, ε))) ≥ µ0, (2.16)

and

‖H(a, b, c, ε)(a ⊗ b)‖ ≤ C‖a‖‖b‖, (2.17)

for all (a, b, c) ∈ Ψε(D) and 0 ≤ ε � 1. Note that system

cx̌ = K(c, 0), c ∈ R2m,

is equivalent to the slow reduced system (2.6).

We recall two facts from the proof of [8, Theorem 2.11]. First, there exists x0 > 0, which is independent
of ε, such that the periodic pulse solution φp,ε(x) is approximated as∥∥∥φp,ε(x) − φh(x, u0)

∥∥∥ ≤ Cε, (2.18)

for x ∈ [−x0, 0]. Second, the solution φp,ε(x) is contained in the neighborhoodD for x ∈ [−Lε,−x0].

We express φp,ε(x) in Fenichel coordinates as φ̃p,ε(x) = (ap,ε(x), bp,ε(x), cp,ε(x)) = Ψε(φp,ε(x)) for x ∈
[−Lε, x0]. By [26, Corollary 1] the estimates (2.16) yield

‖ap,ε(x)‖ ≤ Ce−µ0Lε , ‖bp,ε(x)‖ ≤ Ceµ0(x+x0), x ∈ [−Lε,−x0]. (2.19)

We also express the pulse solution φh(x, u0) to the fast reduced system (2.4) in Fenichel coordinates as
φ̃h(x) = Ψ0(φh(x, u0)) for x ≤ −x0. Observe that φ̃h(x) satisfies (2.15) for ε = 0 and lies in the unstable
space a = 0 for x ≤ −x0. Consequently, we can write φ̃h(x) = (0, bh(x), c0), where c0 is a constant in
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UF and bh(x) satisfies the equation bx = B(0, b, c0, 0)b. Clearly, bh(x) converges exponentially to 0 as
x→ −∞. By estimate (2.18) and C1-smoothness of Ψε in ε, it holds∥∥∥φ̃p,ε(−x0) − φ̃h(−x0)

∥∥∥ ≤ Cε. (2.20)

Using estimates (2.17), (2.19) and (2.20) we obtain

‖cp,ε(x) − c0‖ ≤

∫ −x0

x

(
ε‖K(cp,ε(y), ε)‖ +

∥∥∥H(φ̃p,ε(y), ε)(ap,ε(y) ⊗ bp,ε(y))
∥∥∥) dy + ‖cp,ε(−x0) − c0‖

≤ CεΞθ(ε),
(2.21)

for x ∈ [−Ξθ(ε),−x0]. The difference gε(x) = bp,ε(x) − bh(x) satisfies an inhomogeneous equation of the
form

gx = Aε(x)g + hε(x),

where Aε(x)gε(x) = B(φ̃h(x), 0)gε(x)+(B(0, bp,ε(x), c0, 0)−B(φ̃h(x), 0))bp,ε(x) and hε(x) = (B(φ̃p,ε(x), ε)−
B(0, bp,ε(x), c0, 0))bp,ε(x). Taking x0 larger if necessary, estimates (2.16), (2.19) and (2.21) imply that
Re(Aε(x)) ≤ −µ0 and ‖hε(x)‖ ≤ CεΞθ(ε) for x ∈ [−Ξθ(ε),−x0]. Therefore, we conclude using (2.20) that

‖bp,ε(x) − bh(x)‖ ≤ CεΞθ(ε), x ∈ [−Ξθ(ε),−x0]. (2.22)

Estimate (2.13) now follows from C1-smoothness of Ψ−1
ε in ε together with estimates (2.18), (2.19),

(2.21) and (2.22).

We prove (2.14). By (2.17) and (2.19) we have∥∥∥H(φ̃p,ε(x))(ap,ε(x) ⊗ bp,ε(x))
∥∥∥ ≤ Ce−µ0Lε , x ∈ [−Lε,−x0].

Therefore, using Grönwall type estimates, there exists a solution (0, 0, cs,ε(x)) to (2.15) on the invariant
manifold a = b = 0, which is O(e−µ0Lε)-close to cp,ε(x) for x ∈ [−Lε,−x0]. The c-coordinate cs,ε(x)
solves cx = εK(c, ε) and is to leading order described by a solution cs,0(x̌) to cx̌ = K(c, 0). This results in
the estimate

‖cp,ε(x) − cs,0(εx)‖ ≤ Cε, x ∈ [−Lε,−x0]. (2.23)

Estimates (2.21) and (2.23) imply cs,0(0) = c0. On the other hand, we must have Ψ0((ψs(2`0), 0)) =

limx→−∞ φ̃h(x) = (0, 0, c0). Since system cx̌ = K(c, 0) corresponds to the slow reduced system (2.6),
we have Ψ−1

0 ((0, 0, cs,0(x̌))) = (ψs(x̌ + 2`0), 0) for ε−1 x̌ ∈ [−Lε, 0]. Hence, by C1-smoothness of Ψ−1
ε in

ε, R-reversibility of φp,ε(x), estimates (2.19) and (2.23) and the inequality θ ≥ µ−1
0 , we conclude esti-

mate (2.14) holds true.

Finally, we prove the first assertion. On the one hand, we have ps(`0) = 0 and p′s(`0) , 0 by (E2).
On the other hand, it holds ‖ps(εLε)‖ ≤ Cε by (2.14). Thus, an application of the inverse function
theorem and the mean value theorem yields |εLε − `0| ≤ Cε. �

3 Main results

We assume that (S1), (S2), (E1) and (E2) hold true. Theorem 2.2 provides a reversibly symmetric,
2Lε-periodic pulse solution φp,ε(x) to (2.3). This yields a stationary, periodic pulse solution φ̂p,ε(x) =

(up,ε(x), vp,ε(x)) to system (2.2). We denote by φ̌p,ε(x̌) the corresponding solution to the rescaled sys-
tem (2.1). The stability of φ̌p,ε is determined by linearizing (2.1) about φ̌p,ε: we obtain the periodic
differential operator Lε on Cub(R,Rm+n) with domain C2

ub(R,Rm+n) given by

Lεψ = Dεψx̌x̌ − Bεψ,
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with

Dε :=
(

D1 0
0 ε2D2

)
,

and

Bε(x̌) :=
(
∂uH1(φ̌p,ε, ε) + ε−1∂uH2(φ̌p,ε) ∂vH1(φ̌p,ε, ε) + ε−1∂vH2(φ̌p,ε)

∂uG(φ̌p,ε, ε) ∂vG(φ̌p,ε, ε)

)
,

where we suppress the x̌-dependence of φ̌p,ε. Here, Ck
ub(R,Rm+n) denotes the space of k times continu-

ously differentiable functions with derivatives up to order k, which are bounded and uniformly contin-
uous. Note that Lε is closed, densely defined and sectorial [31]. Moreover, by Theorem 2.2, Lε is a
2`ε-periodic differential operator, where `ε := εLε → `0 as ε → 0 with `0 > 0 defined in (E2). There-
fore, Floquet-Bloch decomposition [19] characterizes the spectrum of Lε. Consider the family of closed
and densely defined operators Lν,ε on L2

per([0, 2`ε],C
m+n) given by

Lν,εψ = Dε

(
∂x̌ −

iν
2`ε

)2

ψ − Bεψ, ν ∈ [−π, π],

where L2
per([0, 2`ε],C

m+n) is the space of L2-integrable 2`0-periodic functions. Since Lν,ε has compact
resolvent, its spectrum is discrete and consists entirely of eigenvalues. The spectrum of Lε is given by
the union

σ(Lε) =
⋃

ν∈[−π,π]

σ(Lν,ε). (3.1)

The spectral decomposition (3.1) gives rise to the following definition.

Definition 3.1. Let ν ∈ [−π, π] and γ = eiν ∈ S 1. A point λ ∈ σ(Lν,ε) is called a γ-eigenvalue of Lε.
The algebraic multiplicity of λ as an eigenvalue of the operator Lν,ε is the algebraic γ-multiplicity of λ
as a γ-eigenvalue of Lε.

Thus, the spectrum of Lε is a union of curves parameterized over the unit circle S 1. Due to translational
invariance, it holds φ̌′p,ε ∈ ker(L0,ε). Therefore, one of the spectral curves is attached to the origin.

When the spectrum of Lε is confined to the left half-plane and bounded away from the imaginary axis,
except for a quadratic tangency at the origin, it is known [27, 45, 46] that the periodic pulse φ̌p,ε is non-
linear diffusively stable as solution to (2.1). Verifying such spectral conditions is in general very hard,
especially for multi-component systems. However, as mentioned in the introduction, the presence of the
small parameter ε in (2.1) provides a mechanism to reduce complexity. On the one hand, the Evans-
function analysis in [8] yields asymptotic control over the spectrum, i.e. in the limit ε→ 0 the spectrum
of Lε is given by the roots of an explicit reduced Evans function, which is defined in terms of simpler,
lower-dimensional eigenvalue problems. On the other hand, the critical spectral curve attached to the
origin shrinks to the origin in the limit ε → 0. Thus, controlling the spectrum in the limit ε → 0 is
insufficient to establish nonlinear stability. Therefore, we complement the analysis in [8] in this paper by
providing an expansion of this critical spectral curve. This leads to sufficient control over the spectrum
to establish nonlinear stability or instability depending on the system parameters.

This section is structured as follows. First, we provide conditions on the spectrum of Lε for nonlin-
ear stability. Subsequently, we outline the results of [8] yielding control over the spectrum in the limit
ε → 0. Next, we state the main result of this paper: a rigorous expansion of the critical spectral curve
touching the origin. Together with the results in [8], this leads to explicit criteria for stability and insta-
bility of the periodic pulse solution φ̌p,ε in terms of simpler, lower-dimensional (eigenvalue) problems.
We further simplify these criteria in the case n = 1 or m = 1.
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3.1 Nonlinear stability and instability by linear approximation

In this subsection we collect nonlinear (in)stability results from the literature. More precisely, we present
conditions on the spectrum of the linearization Lε of (2.1) about φ̌p,ε yielding some form of nonlinear
stability or instability.

As mentioned before, 0 is always a 1-eigenvalue of Lε, since the derivative φ̌′p,ε is contained in ker(L0,ε).
If we assume that 0 has algebraic 1-multiplicity 1, then there exists by the implicit function theorem a
spectral curve λε : Uε → C, where Uε ⊂ [−π, π] is a neighborhood of 0, such that λε(0) = 0 and λε(ν) is
a eiν-eigenvalue for ν ∈ Uε. If this critical spectral curve touches the origin in a quadratic tangency and
the rest of the spectrum is confined to the left half-plane, bounded away from the imaginary axis, then
one obtains some form of nonlinear stability. This leads to the following definition.

Definition 3.2. The periodic pulse solution φ̌p,ε to (2.1) is spectrally stable if 0 is a simple eigenvalue of
L0,ε and there exists ς > 0, possibly dependent on ε, such that

Re(λε(ν)) ≤ −ςν2, ν ∈ Uε,

σ(Lε) \ λε[Uε] ⊂ {λ ∈ C : Re(λ) < −ς} .

Spectral stability of φ̌p,ε implies nonlinear diffusive stability of φ̌p,ε with respect to localized perturba-
tions. In addition, an initial displacement of the periodic pulse can be tracked for large times.

Theorem 3.3. [45, Theorem 1] Suppose φ̌p,ε is spectrally stable. Take b ∈ (0, 1
2 ). There are δ,C > 0,

possibly dependent on ε, such that the following holds. The solution φ̌(x, t) to (2.1) with initial condition

φ̌(x̌, 0) = φ̌p,ε(x̌ + θ0(x̌)) + v0(x̌),

with v0 ∈ H2(R,Rm+n) and θ0 ∈ H3(R,R) satisfying ‖θ0ρ‖H3 , ‖v0ρ‖H2 ≤ δ with ρ(x̌) = (1 + x̌2)3/2, exists
for all times t ≥ 0 and can be written as

φ̌(x̌, t) = φ̌p,ε(x̌ + θ(x̌, t)) + v(x̌, t), t > 0,

where θ : R × (0,∞)→ R and v : R × (0,∞)→ Rm+n. There exists a constant θlim ∈ R such that

sup
x̌∈R

[|θ(x̌, t) − θlimG(x̌, t)| + ‖v(x̌, t)‖] ≤ C(1 + t)−1+b, t > 0,

where G is the Gaussian

G(x̌, t) =
1

√
4απ(1 + t)

e−x̌2/(4α(1+t)),

with α := −λ′′ε (0). In particular, we have

sup
x̌∈R

∥∥∥φ̌(x̌, t) − φ̌p,ε (x̌ + θlimG(x̌, t))
∥∥∥ ≤ C(1 + t)−1+b, t > 0.

The above result is to be compared with [46, Theorem 1.1]. Here, the class of allowed perturbations
is larger, i.e. one requires v0ρ̃ ∈ H1/2+b(R,Rm+n) with ρ̃(x̌) = 1 + x̌2. However, in [46] one obtains
a weaker decay bound of the form supx̌∈R ‖v(x̌, t)‖ ≤ C(1 + t)−1/2. Moreover, in [27] pointwise esti-
mates are obtained with respect to perturbations v0 ∈ H2(R,Rm+n) satisfying ‖v0(x̌)‖ ≤ E0e−x̌2/M or
‖v0(x̌)‖ ≤ E0(1 + |x̌|)−r for some M > 1, r > 2 and E0 > 0. The decay rates obtained in [27] are compa-
rable to those in Theorem 3.3, yet they are more specific, since they depend pointwise on x̌. Finally, we
emphasize that both in [27] and [46] one does not consider an initial displacement in time in contrast to
Theorem 3.3.

Spectrum of Lε in the right half-plane yields nonlinear instability of the periodic pulse φ̌p,ε against
localized and non-localized perturbations.
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Definition 3.4. The periodic pulse solution φ̌p,ε to (2.1) is spectrally unstable if there exists λ ∈ σ(Lε)
with Re(λ) > 0.

Theorem 3.5. [32, Section 4] Let X = H2(R,Rm+n) or X = C2
ub(R,Rm+n). Suppose the periodic pulse

solution φ̌p,ε to (2.1) is spectrally unstable. Then, there exists δ > 0 and a sequence of solutions
φ̌n(x̌, t), n ∈ Z>0 to (2.1) satisfying φ̌n(·, 0) − φ̌p,ε ∈ X such that∥∥∥φ̌n(·, 0) − φ̌p,ε

∥∥∥
X → 0 as n→ ∞,

but for all n ∈ Z>0 there exists tn > 0 such that∥∥∥φ̌n(·, tn) − φ̌p,ε
∥∥∥

X ≥ δ, in the case X = H2(R,Rm+n),

inf
θ∈R

∥∥∥φ̌n(·, tn) − φ̌p,ε(· + θ)
∥∥∥

X ≥ δ, in the case X = C2
ub(R,Rm+n).

We emphasize that in the case of non-localized perturbations, it is important to measure the distance from
the perturbation to the family of all translates of the solution rather than to the solution itself. Indeed,
any translate φ̌p,ε(· + θ) corresponds to a non-localized perturbation. Yet, such a translate is a solution
to (2.1) itself. Thus, φ̌p,ε is never stable against translation of the profile. We stress that the θ-terms in
Theorem 3.3 account for translation of the profile.

3.2 Controlling the spectrum in the limit ε→ 0 through the Evans function

We outline the results of the companion paper [8] in two steps. First, we introduce the Evans function
as a tool to locate the spectrum of the linearization Lε. Second, we establish an explicit reduced Evans
function, whose roots determine the spectrum σ(Lε) in the limit ε→ 0.

Recall that a point λ ∈ C is in the spectrum of Lε if and only if there exists ψ ∈ C2
ub(R,Cm+n) such

that Lεψ = λψ. The latter equation can be rewritten as an ODE in the ‘small’ spatial scale x = ε−1 x̌ as
follows

ϕx = Aε(x, λ)ϕ, ϕ = (u, p, v, q) ∈ C2(m+n), (3.2)

with coefficient matrix

Aε(x, λ) :=
(
A11,ε(x, λ) A12,ε(x)
A21,ε(x) A22,ε(x, λ)

)
,

where the blocks are given by

A11,ε(x, λ) :=
 0 εD−1

1
ε
(
∂uH1(φ̂p,ε(x), ε) + λ

)
+ ∂uH2(φ̂p,ε(x)) 0

 ,
A12,ε(x) :=

(
0 0

ε∂vH1(φ̂p,ε(x), ε) + ∂vH2(φ̂p,ε(x)) 0

)
,

A21,ε(x) :=
(

0 0
∂uG(φ̂p,ε(x), ε) 0

)
,

A22,ε(x, λ) :=
(

0 D−1
2

∂vG(φ̂p,ε(x), ε) + λ 0

)
,

and φ̂p,ε(x) = (up,ε(x), vp,ε(x)) is the 2Lε-periodic pulse solution to (2.2). We will refer to (3.2) as the full
eigenvalue problem. By Floquet Theory bounded solutions to (3.2) must satisfy ϕ(−Lε) = γϕ(Lε) for
some γ ∈ S 1. This fact leads to the definition of the Evans function.
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Definition 3.6. Denote by Tε(x, z, λ) the evolution operator of system (3.2). The Evans function Eε : C×
C→ C is given by

Eε(λ, γ) := det(Tε(0,−Lε, λ) − γTε(0, Lε, λ)).

Proposition 3.7. [8, Section 3.1] The Evans function has the following properties:

1. The Evans function is analytic in both λ and γ;

2. We have λ ∈ σ(Lε) if and only if there exists γ ∈ S 1 such that Eε(λ, γ) = 0. In that case, λ is a
γ-eigenvalue and its algebraic γ-multiplicity is equal to the multiplicity of λ as a root of Eε(·, γ);

3. It holds Eε(λ, γ) = Eε(λ, γ) for λ, γ ∈ C. Thus, the spectrum σ(Lε) is invariant under complex
conjugation;

4. We have Eε(λ, γ) = Eε(λ, γ)γ2(m+n) for λ ∈ C and γ ∈ S 1. Thus, λ is a γ-eigenvalue if and only if
it is a γ-eigenvalue.

Proposition 3.7 yields that the spectrum σ(Lε) is an (at most countable) union of curves, each of which
is covered twice by the unit circle S 1. The endpoints of the curves are ±1-eigenvalues. Proposition 3.7
and the implicit function theorem yield the following reformulation of the concept ‘spectral stability’
introduced in §3.1.

Corollary 3.8. The periodic pulse solution φ̌p,ε to (2.1) is spectrally stable if and only if

i. Eε(λ, γ) , 0 for all γ ∈ S 1 and λ ∈ C \ {0} with Re(λ) ≥ 0;

ii. Eε(0, γ) , 0 for all γ ∈ S 1 \ {1};

iii. ∂λEε(0, 1)∂γγEε(0, 1) < 0.

For the introduction of the reduced Evans function we need the following technical lemma.

Lemma 3.9. [8, Lemma 3.7] Let K ⊂ Cm be an open and bounded set containing the orbit segment
{us(x̌) : x̌ ∈ [0, 2`0]} such that K ⊂ U – see (S1) and (E2). Moreover, denote

CΛ := {λ ∈ C : Re(λ) > Λ}, Λ ∈ R.

There exists Λ0 > 0 such that for Λ ∈ (−Λ0, 0) the spectrum of the matrix

A(u, λ) :=
(

0 D−1
2

∂vG(u, 0, 0) + λ 0

)
, (3.3)

is bounded away from the imaginary axis on K × CΛ by some constant µr > 0.

Lemma 3.9 shows that the spectrum of the coefficient matrix of (3.2) admits a consistent splitting as long
as the v-components of the periodic pulse solution φ̂p,ε(x) are sufficiently small. This splitting is essential
for the approximation in [8] of the roots of the Evans function by the ones of the reduced Evans function,
but also for the spectral analysis in this paper – see §5.

Now take Λ ∈ (−Λ0, 0) with Λ0 > 0 as in Lemma 3.9. The reduced Evans function E0 : CΛ × C → C is
defined as the product

E0(λ, γ) = (−γ)nE f ,0(λ)Es,0(λ, γ).
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Here, the analytic map E f ,0 : CΛ → C is called the fast Evans function. It is associated with the homoge-
neous fast eigenvalue problem

ϕx = A22,0(x, u0, λ)ϕ, ϕ ∈ C2n, (3.4)

with

A22,0(x, u, λ) :=
(

0 D−1
2

∂vG(u, vh(x, u), 0) + λ 0

)
, u ∈ Uh.

Recall that Uh, vh(x, u), u0 = us(0) and us(x̌) are defined in (E1) and (E2). Note that equation (3.4) is
equivalent to L fϕ = λϕ, where L f : L2(R,Rn) → L2(R,Rn) is the closed, densely defined and sectorial
operator given by

L f v = D2vxx − ∂vG(u0, vh(·, u0), 0)v. (3.5)

We establish the existence of the fast Evans function.

Proposition 3.10. [8, Section 6.3] There exists an analytic map E f ,0 : CΛ → C, which has a zero if and
only if (3.4) admits a non-trivial, exponentially localized solution. In particular, the multiplicity of a root
λ ∈ CΛ of E f ,0 coincides with the algebraic multiplicity of λ as an eigenvalue of the sectorial operator
L f , which is Fredholm of index 0.

Remark 3.11. Note that the homogeneous fast eigenvalue problem (3.4) at λ = 0 equals the variational
equation

ϕx = A f (x)ϕ, ϕ ∈ C2n, (3.6)

about the homoclinic solution ψh(x, u0) to (2.5) at u = u0 with

A f (x) :=
(

0 D−1
2

∂vG(u0, vh(x, u0), 0) 0

)
.

We will refer to (3.6) as the fast variational equation. Clearly, the derivative of the homoclinic solution
∂xψh(x, u0) is a non-trivial, exponentially localized solution to (3.4) at λ = 0 by (S2) and (E1). Thus,
it holds E f ,0(0) = 0 by Proposition 3.10. Now assume 0 is a simple root of E f ,0. Then, since L f is
Fredholm of index 0, both ker(L f ) and ker(L∗f ) are one-dimensional by Proposition 3.10. Thus, the
associated adjoint problem

ϕx = −A f (x)∗ϕ, ϕ ∈ R2n. (3.7)

admits a non-trivial, bounded solution ψad(x), which is unique up to scalar multiples. Since the asymp-
totic matrix A(u0, 0) = limx→±∞A f (x) is hyperbolic by Lemma 3.9, ψad(x) must be exponentially de-
caying as x→ ±∞. �

The slow Evans function Es,0 : [CΛ \ E
−1
f ,0(0)] × C → C is determined by two eigenvalue problems. The

first is the inhomogeneous fast eigenvalue problem

∂xX = A22,0(x, u, λ)X +A21,0(x, u), X ∈ Mat2n×2m(C), (3.8)

with

A21,0(x, u) :=
(

0 0
∂uG(u, vh(x, u), 0) 0

)
, u ∈ Uh.
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The second is the slow eigenvalue problem

D1ux̌ = p,

px̌ = (∂uH1(us(x̌), 0, 0) + λ) u,
(u, p) ∈ C2m. (3.9)

The slow Evans function Es,0 : [CΛ \ E
−1
f ,0(0)] × C→ C is defined by

Es,0(λ, γ) = det (Υ(u0, λ)Ts(2`0, 0, λ) − γI) ,

where `0 > 0 is as in (E2), Ts(x̌, y̌, λ) is the evolution operator of the slow eigenvalue problem (3.9) and
Υ(u, λ) is given by

Υ(u, λ) =

(
I 0

G(u, λ) I

)
,

G(u, λ) =

∫ ∞

−∞

[∂uH2(u, vh(x, u)) + ∂vH2(u, vh(x, u))Vin(x, u, λ)] dx,
u ∈ Uh,

where Vin(x, u, λ) denotes the upper-left (n × m)-block of the unique matrix solution Xin(x, u, λ) to the
inhomogeneous fast eigenvalue problem (3.8). We collect some properties of the slow Evans function.

Proposition 3.12. [8, Section 6.3] The slow Evans function Es,0 : [CΛ \ E
−1
f ,0(0)]×C→ C is well-defined

and enjoys the following properties:

1. Es,0 is analytic on its domain;

2. Es,0(·, γ) is meromorphic on CΛ for each γ ∈ C in such a way that the reduced Evans function E0
is analytic on its domain;

3. Es,0(λ, ·) is a polynomial of degree 2m and it holds Es,0(λ, γ) = γ2mEs,0(λ, γ) for each λ ∈ CΛ \

E−1
f ,0(0) and γ ∈ S 1;

4. The set of roots, ⋃
γ∈S 1

{λ ∈ CΛ : Es,0(λ, γ) = 0},

is bounded;

5. If 0 is a simple zero of E f ,0, then Es,0(λ, γ) has a removable singularity at λ = 0 for each γ ∈ S 1.

Finally, we present the main result of [8]. It concerns the approximation of the zeros of Eε by the ones
of E0.

Theorem 3.13. [8, Section 3.2] Let S ⊂ S 1 be a closed subset and take a simple closed curve Γ in
CΛ \ NS , where

NS :=
⋃
γ∈S

{λ ∈ CΛ : E0(λ, γ) = 0}.

Then, for ε > 0 sufficiently small, the number of roots (including multiplicity) of E0(·, γ) and Eε(·, γ)
interior to Γ coincides for any γ ∈ S 1.

Theorem 3.13 provides the (critical) spectrum of the operator Lε in the limit ε → 0 by taking S = S 1.
On the other hand, by taking S = {eiν} for some ν ∈ R, one establishes the convergence of the spectrum
σ(Lν,ε) to the discrete set {λ ∈ C : E0(λ, eiν) = 0}.
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3.3 Expansion of the critical spectral curve

Theorem 3.13 provides control over the spectrum of the operator Lε in the limit ε → 0. However, as
mentioned in the introduction in §1, this is insufficient to establish spectral stability, since the critical
spectral curve attached to the origin shrinks to the origin as ε → 0. Hence, we cannot determine with
Theorem 3.13 whether the critical curve lies in the left half-plane and touches the origin in a quadratic
tangency – see Definition 3.2. This brings us to the main result of this paper that provides leading-order
control over the critical spectral curve.

Theorem 3.14. Suppose 0 is a simple zero of E f ,0. Let δ > 0 and denote

N� :=
{
ν ∈ R : Es,0(0, eiν) = 0

}
, Sδ := R \

⋃
ν∈N�

(ν − δ, ν + δ). (3.10)

Then, for ε > 0 sufficiently small, there exists for any ν ∈ Sδ a unique (real-valued) root λε(ν) of Eε(·, eiν)
converging to 0 as ε→ 0. The function λε : Sδ → R is analytic, even, 2π-periodic and satisfies λε(0) = 0
if 0 ∈ Sδ. Moreover, λε(ν) is approximated as∣∣∣λε(ν) − ε2λ0(ν)

∣∣∣ ≤ Cε3| log(ε)|5, (3.11)

where C > 0 is a constant independent of ε and ν and the analytic function λ0 : N� → R is given by

λ0(ν) :=

∫ ∞
−∞

〈
∂uG(u0, vh(x, u0), 0)∗ψad,2(x)x, B(ν)

〉
dx∫ ∞

−∞

〈
ψad,2(x), ∂xvh(x, u0)

〉
dx

, (3.12)

with ψad(x) = (ψad,1(x), ψad,2(x)) a non-trivial, exponentially localized solution to (3.7) and

B(ν) := D−1
1

(
0 I

)
B(ν),

B(ν) := Υ−1
0

(
D−1

1 J(u0)
H1(u0, 0, 0)

)
−

(
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(

2D−1
1 J(u0)

0

)
,

Υ0 :=
(

I 0
∂uJ(u0) I

)
,

(3.13)

where J : Uh → R
m is defined in (2.7) and Φs(x̌, y̌) is the evolution operator of the slow variational

equation (2.9).

Remark 3.15. Since 0 is a simple root of E f ,0, Proposition 3.10 implies that 0 is an (algebraically)
simple eigenvalue of the operator L f , which is defined in (3.5). Therefore, the associated generalized
eigenvalue problem has no solution and the solvability condition∫ ∞

−∞

〈
ψad,2(x), ∂xvh(x, u0)

〉
dx , 0,

is satisfied – see Remark 3.11 and Proposition 5.1. Thus, the denominator of λ0(ν) in (3.12) does not
vanish. �

Remark 3.16. If we have Es,0(0, eiν�) = 0 for some ν� ∈ R, then the approximation of λε(ν) in Theo-
rem 3.14 fails for ν in a neighborhood of ν�. Since it holds det

(
I − e−iνΥ0Φs(2`0, 0)Υ0

)
= Es,0(0, e−iν) =

e2imνEs,0(0, eiν) = 0 by Proposition 3.12, we observe that λ0 has a pole at ν�. �

The critical spectral curve λε(ν) arises as the solution curve to the equation Eε(λ, eiν) = 0 about (λ, ν) =

(0, 0). The equation Eε(λ, eiν) = 0 is defined in terms of the 2(m + n)-dimensional full eigenvalue
problem (3.2). The leading-order approximation λ0(ν) of the solution curve λε(ν), established in Theo-
rem 3.14, is defined in terms of the ε-independent, 2m-dimensional slow variational equation (2.9) and
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2n-dimensional fast variational equation (3.6). Therefore, Theorem 3.14 yields a reduction of complexity
in the local analysis of the full eigenvalue problem (3.2) about λ = 0. Combining this with Theorem 3.13
leads to a set of spectral stability conditions in terms of simpler, lower-dimensional systems, which we
will present in the next subsection.

The proof of Theorem 3.14 is provided in §5.

Remark 3.17. Suppose the conditions in Theorem 3.14 are met. Observe that the derivative ψ′s of
the solution ψs to (2.6) is a solution to the slow variational equation (2.9). By assumption (E2) ψs(x̌)
intersects the touch-down manifold T+ at x̌ = 0 in the point (u0,J(u0)). Therefore, we have ψ′s(0) =

(D−1
1 J(u0),H1(u0, 0, 0)) and by reversible symmetry: ψ′s(2`0) = Rsψ

′
s(0) = (−D−1

1 J(u0),H1(u0, 0, 0)).
Thus, we deduce

Υ0Φs(2`0, 0)Υ0

(
D−1

1 J(u0)
0

)
=

(
−D−1

1 J(u0)
0

)
+ (Υ0Φs(2`0, 0) − I)

(
0
a

)
,

where a := ∂uJ(u0)D−1
1 J(u0) − H1(u0, 0, 0) ∈ Rm. Rewriting the latter equation gives

(
1 + e−iν

) (
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(

D−1
1 J(u0)

0

)
= e−iν

(
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(Υ0Φs(2`0, 0) − I)

(
0
a

)
+

(
D−1

1 J(u0)
0

)
,

for ν ∈ [0, π]. Hence, we obtain the following expression for the quantity B(ν) in Theorem 3.14

B(ν) = D−1
1


(

0 I
)

1 + e−iν

(
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(I − Υ0Φs(2`0, 0))

(
0
2I

)
− I

 a,
for ν ∈ [0, π). So, a = 0 implies λ0(ν) = 0 for any ν ∈ [0, π) by Theorem 3.14. Therefore, a passing
through zero, suggests a transition of the critical spectral curve through the imaginary axis. This co-
incides with a loss of transversality: condition (2.10) in assumption (E2) fails if a = 0. For the case
m = n = 1, we show in §4 that the periodic pulse solution φ̌p,ε destabilizes through a spatial period
doubling bifurcation or sideband instability as a passes through zero. �

3.4 Explicit criteria for spectral stability and instability

Using Theorems 3.13 and 3.14, we obtain explicit conditions in terms of simpler, lower-dimensional
problems yielding spectral stability of the periodic pulse solution φ̌p,ε to (2.1). First, we employ Theo-
rem 3.13 to isolate the most critical part of the spectrum – i.e. the curve λε(ν) attached to the origin – and
to bound the rest of the spectrum away from the right half-plane. Subsequently, we use the expansion in
Theorem 3.14 to control the critical curve attached to the origin. Thus, we obtain the following result.

Corollary 3.18. Suppose the following conditions are met:

i. 0 is a simple zero of E f ,0;

ii. Es,0(0, γ) , 0 for each γ ∈ S 1;

iii. E0(λ, γ) , 0 for each γ ∈ S 1 and λ ∈ C \ {0} with Re(λ) ≥ 0;

iv. λ′′0 (0) < 0, λ0(π) < 0 and λ′0(ν) , 0 for each ν ∈ (0, π), where λ0 : R→ R is defined by (3.12).

Then, provided ε > 0 is sufficiently small, the periodic pulse solution φ̌p,ε to (2.1) is spectrally stable.
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Proof. Let Λ ∈ (−Λ0, 0) with Λ0 > 0 as in Lemma 3.9. The set

N0 :=
⋃
γ∈S 1

{λ ∈ CΛ : E0(λ, γ) = 0} ,

is bounded by Propositions 3.10 and 3.12. So, there exists σ0 > 0 such that, if E0(λ, γ) = 0 is satisfied
for some γ ∈ S 1 and λ ∈ CΛ \ {0}, then we must have Re(λ) < −σ0. In addition, 0 is a simple zero of
E0(·, γ) for each γ ∈ S 1 by Proposition 3.12. Let δ ∈ (0, σ0). Theorem 3.13 implies that, provided ε > 0
is sufficiently small, Eε(·, γ) has no roots in {λ ∈ C : Re(λ) > −σ0} \ B(0, δ) for each γ ∈ S 1. Moreover,
for each γ ∈ S 1 there is a unique simple zero of Eε(·, γ) in B(0, δ). Combining this with Proposition 3.7
and Theorem 3.14 proves

σ(Lε) ∩ {λ ∈ C : Re(λ) > −σ0} = λε[R].

Since both λε and λ0 are analytic, λ′′0 (0) < 0, λ0(π) < 0 and λ′0(ν) , 0 for each ν ∈ (0, π), the approxima-
tion (3.11) yields that there exists some ε-independent constant σ∗ > 0 such that Re(λε(ν)) ≤ −ε2σ∗ν

2

holds for all ν ∈ [−π, π]. �

If the conditions in Corollary 3.18 are satisfied, then we obtain by Theorem 3.3 nonlinear diffusive sta-
bility of φ̌p,ε as a solution to (2.1) with α = −ε2λ′′0 (0) + O(ε3| log(ε)|5).

Regarding instability, Theorems 3.13 and 3.14 readily yield the following result.

Corollary 3.19. If one of the following is true:

i. There exists γ� ∈ S 1 and λ� ∈ C with Re(λ�) > 0 satisfying E0(λ�, γ�) = 0;

ii. It holds λ0(ν) > 0 for some ν ∈ R \N�, where λ0 : R \N� → R is given by (3.12) andN� is defined
in (3.10).

Then, provided ε > 0 is sufficiently small, the periodic pulse solution φ̌p,ε to (2.1) is spectrally unstable.

Thus, if one of the conditions in Corollary 3.19 is satisfied, then the periodic pulse solution φ̌p,ε is non-
linearly unstable against localized and non-localized perturbations by Theorem 3.5.

We emphasize that the conditions in Corollaries 3.18 and 3.19 can be computed with only the singular
limit (2.11) of the periodic pulse solution φ̌p,ε as input. More specifically, one needs understanding of the
(adjoint) variational equations about the solutions ψh(x, u0) and ψs(x̌) to systems (2.5) at u = u0 and (2.6),
respectively, and of the eigenvalue problems arising when linearizing equations vt = D2vxx −G(u0, v, 0)
and ut = D1ux̌x̌ − H1(u, 0, 0) about the stationary solutions vh(x, u0) and us(x̌), respectively.

3.5 Conditions for spectral stability in lower dimensions

In §3.4 we established explicit conditions yielding spectral stability and instability in terms of the eigen-
value problems (3.4), (3.8) and (3.9) and the variational equations (2.9) and (3.6). In this subsection
we interpret these results in the case n = 1 or m = 1. Then, the aforementioned systems become 2-
dimensional and we can employ techniques tailored for 2-dimensional linear systems to further simplify
the spectral (in)stability conditions in Corollaries 3.18 and 3.19. Throughout this subsection we assume
without loss of generality D1 = 1 in the case m = 1 and D2 = 1 in the case n = 1 – see Remark 2.1.

In the case n = 1, the homogeneous fast eigenvalue problem (3.4) becomes 2-dimensional. Thus, Sturm-
Liouville theory yields that the root 0 of the fast Evans function E f ,0 is always simple and E f ,0 has only
one (simple) zero λ∗ of positive real part – see [8, Proposition 4.1].
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In the case m = 1, the slow variational equation (2.9) becomes 2-dimensional. So, besides the derivative
ψ′s(x̌), a second, linearly independent solution to (2.9) can be found using Rofe-Beketov’s formula –
see [4, Chapter 1.9]. We gain explicit control over the evolution of the slow variational equation (2.9)
or, equivalently, of the slow eigenvalue problem (3.9) at λ = 0. Thus, on the one hand, the slow Evans
function simplifies to

Es,0(0, γ) = γ2 + 2 (1 + 2ab) γ + 1, (3.14)

in the case m = 1, where

a := J ′(u0)J(u0) − H1(u0, 0, 0),

b := J(u0)
∫ `0

0

(∂uH1(us(x̌), 0, 0) + 1)[(u′s(x̌))2 − (H1(us(x̌), 0, 0))2]
[(u′s(x̌))2 + (H1(us(x̌), 0, 0))2]2 dx̌

+
H1(u0, 0, 0)

(J(u0))2 + (H1(u0, 0, 0))2 ,

(3.15)

see [8, Propositions 4.4 and 4.7] for more details. On the other hand, we obtain the following result
regarding the critical spectral curve attached to the origin.

Proposition 3.20. Let m = 1. Suppose that 0 is a simple zero of E f ,0. Then, the analytic map λ0 : R \
N� → R, defined in Theorem 3.14, is given by

λ0(ν) = aw
cos(ν) − 1

1 + cos(ν) + 2ab
, (3.16)

where a, b are defined in (3.15) and w is given by

w := −

∫ ∞
−∞

∂G
∂u (u0, vh(x, u0), 0)∗ψad,2(x)xdx∫ ∞
−∞

ψad,2(x)∗∂xvh(x, u0)dx
, (3.17)

with ψad(x) = (ψad,1(x), ψad,2(x)) a non-trivial, exponentially localized solution to (3.7). If we have in
addition n = 1, then the expression for w simplifies to

w = −

∫ ∞
−∞

∂G
∂u (u0, vh(x, u0), 0)∂xvh(x, u0)xdx∫ ∞

−∞
(∂xvh(x, u0))2 dx

. (3.18)

Proof. Besides the derivative ψ′s(x̌) = (u′s(x̌),H1(us(x̌), 0, 0)), a second, linearly independent solution
to (2.9) is given (z(x̌), z′(x̌)), where

z(x̌) := u′s(x̌)
∫ `0

x̌

(∂uH1(us(y̌), 0, 0) + 1)[(u′s(y̌))2 − (H1(us(y̌), 0, 0))2]
[(u′s(y̌))2 + (H1(us(y̌), 0, 0))2]2 dy̌ +

H1(us(x̌), 0, 0)
(u′s(x̌))2 + (H1(us(x̌), 0, 0))2 ,

using Rofe-Beketov’s formula. Expressing the evolution Φs(2`0, 0) of (2.9) in terms of ψ′s(0) and (z(0), z′(0)),
simplifies the expression for B(ν) in (3.13) to

B(ν) = −

[
a −

(
0 1

) (
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(

2J(u0)
0

)]
= −

[
a −

4a(1 + ab)e−iν

Es,0(0, e−iν)

]
where we use b = z(0), det

(
I − e−iνΥ0Φs(2`0, 0)Υ0

)
= e2iνEs,0(0, eiν) , 0 and ψs(0) = (u0,J(u0))

by (E2). By (3.14) it holds eiνEs,0(0, e−iν) = 2(cos(ν) + 1 + 2ab). Substituting this into the above
expression for B(ν) leads to the desired formula (3.16) for λ0(ν) = −wB(ν). Finally, in the case n = 1,
we observe that (−∂xqh(x, u0), ∂xvh(x, u0)) is a solution to equation (3.7) yielding (3.18). This concludes
the proof. �
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The above results lead to the following simplification of the spectral stability conditions in Corollary 3.18
in the lower-dimensional setting.

Corollary 3.21. Suppose m = 1 and the following conditions are met:

i. 0 is a simple zero of E f ,0;

ii. E0(λ, γ) , 0 for all γ ∈ S 1 and λ ∈ C \ {0} with Re(λ) ≥ 0;

iii. The quantities a, b and w, defined in (3.15) and (3.17), have the same (non-zero) sign.

Then, provided ε > 0 is sufficiently small, the periodic pulse solution φ̌p,ε to (2.1) is spectrally stable.

If we have in addition n = 1, then conditions i. and ii. above are satisfied if and only c− = 0, with

c± := lim
R→∞

∫ 2π

0

∣∣∣∣∣∣∣ 1
2πi

∮
Γ±R

∂λEs,0(λ, eiν)
Es,0(λ, eiν)

dλ + 1

∣∣∣∣∣∣∣ dν (3.19)

where Γ±R is the (counter-clockwise) contour in the complex plane consisting of the circle segment {z ∈
C : |z ∓ R−1| = R,Re(z) ≥ ±R−1} and the line joining the points iR ± R−1 and −iR ± R−1.

Proof. Since we have ab > 0, it holds Es,0(0, γ) , 0 for each γ ∈ S 1 by (3.14). Thus, the first three
conditions in Corollary 3.18 are satisfied. Moreover, by Proposition 3.20 we have

λ0(π) = −
w

b
, λ′′0 (0) = −

aw

2 + 2ab
, λ′0(ν) = −

2a(1 + ab)w sin(ν)
(1 + 2ab + cos(ν))2 , (3.20)

with ν ∈ R. Since a, b and w are non-zero and have the same sign, the fourth condition in Corollary 3.18
is also satisfied. We conclude that φ̌p,ε is spectrally stable.

If n = 1, then 0 is a simple zero of E f ,0 and E f ,0 has only one (simple) zero λ∗ of positive real part
by [8, Proposition 4.1]. Thus, by Proposition 3.12 the conditions i. and ii. are satisfied if and only if
Es,0(λ, γ) has precisely one pole of order 1 at λ = λ∗ and no zeros in the closed right half-plane for each
γ ∈ S 1. The latter is the case if and only if c− = 0. �

Thus, in the case m = n = 1, we can establish spectral stability by evaluating the four expressions a, b,w
and c−. In the slowly nonlinear model equation considered in [12] these expressions can be determined
exactly – see also [7, Section 3.9]. However, even if these expressions cannot be determined exactly, we
expect that spectral stability can be proved using rigorously verified computing. To estimate the errors
one needs explicit bounds on the solutions ψh(x, u0) and ψs(x̌) to (2.5) and (2.6) that constitute the sin-
gular limit (2.11) and on the functions H1,H2,G.

On the other hand, the lower-dimensional setting allows us to test for instability using parity-type ar-
guments.

Corollary 3.22. Let m = n = 1. If one of the following is true:

i. We have c+ , 0, where c+ is defined in (3.19);

ii. The quantities a, b and w, defined in (3.15) and (3.17), are non-zero and have different signs.

Then, provided ε > 0 is sufficiently small, the periodic pulse solution φ̌p,ε to (2.1) is spectrally unstable.

Proof. First, 0 is a simple zero of E f ,0 and E f ,0 has only one (simple) zero λ∗ of positive real part by [8,
Proposition 4.1]. Thus, if c+ , 0, then there exists by the argument principle a γ ∈ S 1, such that either
Es,0(·, γ) has no pole at λ∗ or it has a zero λ0 ∈ C with Re(λ0) > 0. Thus, it holds either E0(λ∗, γ) = 0 or
E0(λ0, γ) = 0, which implies by Corollary 3.19 that φ̌p,ε is spectrally unstable.
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Figure 5: Depicted are five orbits of the slow reduced system (2.6) (in purple). The touch-down curve
T+ intersects these orbits transversally at ψi, i = 1, . . . , 6. The green dashed line corresponds to the
initial values such that b = 0. We have b > 0 at ψ1, ψ2, ψ3 and ψ5 and b < 0 at ψ4 and ψ6. The red
line corresponds to initial values with w = 0. We have w > 0 at ψ1, ψ2, ψ3 and ψ4 and w < 0 at ψ5 and
ψ6. Finally, we have a < 0 at ψ1, ψ3 and ψ6 and a > 0 at ψ2, ψ4 and ψ5. The periodic pulse solutions
touching-down at ψ1, ψ3, ψ4 and ψ5 are spectrally unstable by Corollary 3.22. The solutions touching
down at ψ2 and ψ6 are potentially spectrally stable.

Next, suppose the non-zero quantities a, b andw have different signs and 1+ab > 0. Then, the calculations
in (3.20) show that there exists ν ∈ R such that λ0(ν) > 0. So, by Corollary 3.19, φ̌p,ε is spectrally
unstable. Finally, [8, Proposition 4.7] implies that φ̌p,ε is spectrally unstable in the case 1 + ab ≤ 0. �

Remark 3.23. In the case m = 1, the quantities a, b and w determine by Proposition 3.20 and (3.14)
the spectral configuration about the origin and play an important role in destabilization processes –
see §4. We elaborate on the geometric interpretation of these quantities. As mentioned in §2.2, the
quantity a measures the transversality between the touch-down curve T+ and the solution ψs to (2.6) at
ψs(0) = (u0,J(u0)) and, by symmetry, between the take-off curve T− and ψs at ψs(2`0) = Rsψs(0) – see
Figure 5. If a = 0, then ψs(x̌) is tangent to the touch-down curve at x̌ = 0.

The quantity b depends on the dynamics in the slow reduced system (2.6) only. Since ψs(`0) is contained
in ker(I −Rs) by assumption (E2), the vector ψ� = (H1(us(`0), 0, 0)−1, 0) is a normal to the tangent space
of the curve ψs(x̌) at x̌ = `0 such that det(ψ� | ψ′s(`0)) = 1. Tracking the tangent space along the flow
of (2.6) we obtain the solution Φs(x̌, `0)ψ� = (z(x̌), z′(x̌)) to (2.9). We have that z(0) equals the quantity b.

Observe that z(x̌) has precisely one root between two consecutive zeros of u′s(x̌), since the derivative
of u′s(x̌)/z(x̌) never vanishes between two zeros of u′s. Therefore, given that the orbit of ψs in the slow
reduced system (2.6) crosses the line p = 0 at u = u± with u− < u+, there is precisely one initial value
u0 = us(0) ∈ (u−, u+) for which b = 0 – see Figure 5.

The quantity w occurs in [37], where one derives asymptotic interaction laws for quasi-stationary pulse
solutions to models of the form (2.1). More precisely, one establishes in [37] an ODE, which describes
the (leading-order) evolution of the pulse locations over time, assuming existence and smoothness of
the quasi-stationary pulse pattern. The pulse locations of our stationary, periodic pulse φ̌p,ε(x̌) to (2.1)
correspond naturally to an equilibrium of this ODE. The quantity w occurs as a factor in the linearization
of the ODE about this equilibrium – see [37, Section 6.2.1]. Thus, the sign of w corresponds to the char-
acter of the equilibrium. Loosely speaking, w measures the stability of φ̌p,ε(x̌) against perturbations of
the pulse locations. This relates to the fact that vanishing of w corresponds to a transition of the critical
spectral curve through the imaginary axis – see §4. �
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Remark 3.24. In [47] the spectral stability of stationary, spatially periodic pulse solutions is studied in
the generalized Gierer-Meinhardt equation

ε2ut = uxx − ε
2µu + εuα1vβ1 ,

vt = vxx − v + uα2vβ2 ,
(u, v) ∈ R2, x ∈ R, (3.21)

with parameters α1 ∈ R, α2 < 0, β1,2 ∈ Z>1 and µ > 0 satisfying

(α1 − 1)(β2 − 1) − α2β1 > 0.

It is not difficult to verify that assumptions (S1), (S2), (E1) and (E2) hold true for (3.21). Thus, Theo-
rem 2.2 provides a periodic pulse solution to (3.21). The slow variational equation (2.9) corresponds in
this setting to the autonomous equation ux̌x̌ = µu. The v-component of the homoclinic solution ψh(x, u0)
to system (2.5) at u = u0 is given by

vh(x, u0) = u
−

α2
β2−1

0 wh(x), wh(x) :=
(
β2 + 1

2
sech2

(
(β2 − 1) x

2

)) 1
β2−1

.

Thus, using integration by parts, we calculate the quantities a, b and w in Proposition 3.20

a = J(u0)J ′(u0) − µu0, b =
cosh2

(
`0
√
µ
)

4µu0
, w = −

α2
∫ ∞
−∞

wh(x)β2+1dx

u0 (β2 + 1)
∫ ∞
−∞

(
w′h(x)

)2
dx
,

where J : (0,∞)→ R is given by

J(u) = uα1−
α2β1
β2−1

∫ ∞

0
wh(x)β1dx.

It holds bw > 0, since we have β1,2 > 1, α2 < 0 and µ > 0. In addition, the signs of aw and ab are equal
to the sign of

a

u0
=

(
α1 −

α2β1

β2 − 1

) (
u
α1−

α2β1
β2−1−1

0

∫ ∞

0
wh(x)β1dx

)2

− µ.

Thus, the sign of au0
determines whether condition iii. in Corollary 3.21 is satisfied. The quantity a

u0
measures the transversality between the touch-down curve T+ and the solution ψs – see Remark 3.23.

One can verify that the leading-order expression (3.16) of the critical spectral curve coincides with the
one in [47] derived with a different method – see also Remark 1.1. �

4 Destabilization mechanisms

In this section we focus on instabilities of periodic pulse solutions to (2.1) as system parameters are
varied. Let φ̌p,ε be a periodic pulse solution to (2.1), established in Theorem 2.2. To describe the
spectral geometry as φ̌p,ε destabilizes, we need as much analytical grip as possible. Therefore, we restrict
ourselves to the case m = n = 1 – see §3.5. We assume that equation (2.1) depends on a real parameter
µ. The periodic pulse φ̌p,ε is spectrally stable if the three conditions in Corollary 3.8 are satisfied. A
codimension-one instability of φ̌p,ε occurs if one of these conditions fails as we vary µ, while the others
are still valid. Denote by Eε,µ(λ, γ) the associated Evans function (depending on µ). Suppose one of the
conditions in Corollary 3.8 is violated by a pair (λ∗, γ∗) ∈ iR × S 1 at µ = µ∗, where γ∗ = eiν∗ for some
ν∗ ∈ R. Consequently, it holds Eε,µ∗(λ∗, γ∗) = 0. If we have ∂λEε,µ∗(λ∗, γ∗) , 0, the implicit function
theorem yields a local expansion of the marginally stable spectral curve λc(ν) through λ∗:

λc(ν) = λ∗ +
a2

2!
(ν − ν∗)2 +

a4

4!
(ν − ν∗)4 + O

(
(ν − ν∗)6

)
,
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with a2, a4 ∈ C. Note that Proposition 3.7 implies that the odd coefficients in the expansion of λc(ν) must
be zero. The leading coefficient a2 can be computed through implicit differentiation:

a2 =
∂γγEε,µ∗(λ∗, γ∗)γ

2
∗

∂λEε,µ∗(λ∗, γ∗)
.

In the case a2 = 0, we have

a4 =
−∂γγγγEε,µ∗(λ∗, γ∗)γ

4
∗

∂λEε,µ∗(λ∗, γ∗)
.

This gives rise to the following classification of codimension-one instabilities – see [38, Section 3.3].

• γ∗-Hopf. The second and third condition in Corollary 3.8 are satisfied and the first condition is
violated by a unique quadruple (±λ∗, γ±1

∗ ) with λ∗ ∈ iR \ {0} and γ∗ ∈ S 1 satisfying

Eε,µ∗(λ∗, γ∗) = 0, Re
∂γγEε,µ∗(λ∗, γ∗)γ2

∗

∂λEε,µ∗(λ∗, γ∗)

 < 0, Re
[
∂µEε,µ∗(λ∗, γ∗)
∂λEε,µ∗(λ∗, γ∗)

]
, 0.

• Spatial period doubling. The first and third condition in Corollary 3.8 are satisfied and the second
condition is violated at γ = −1 so that

Eε,µ∗(0,−1) = 0, ∂λEε,µ∗(0,−1)∂γγEε,µ∗(0,−1) < 0, ∂µEε,µ∗(0,−1) , 0.

• γ∗-Turing. The first and third condition in Corollary 3.8 are satisfied and the second condition is
violated at a unique pair γ±1

∗ ∈ S 1 \ {±1} satisfying

Eε,µ∗(0, γ∗) = 0, ∂λEε,µ∗(0, γ∗)∂γγEε,µ∗(0, γ∗)γ
2
∗ < 0, ∂µEε,µ∗(0, γ∗) , 0.

• Sideband. The first and second condition in Corollary 3.8 are satisfied and the third condition is
violated so that

∂γγEε,µ∗(0, 1) = 0, ∂λEε,µ∗(0, 1)∂γγγγEε,µ∗(0, 1) > 0, ∂γγµEε,µ∗(0, 1) , 0.

• Fold/Pitchfork. The first and second condition in Corollary 3.8 are satisfied and the third condition
is violated so that

∂λEε,µ∗(0, 1) = 0, ∂λλEε,µ∗(0, 1), ∂γγEε,µ∗(0, 1), ∂λµEε,µ∗(0, 1) , 0.

Using the results from §3 one easily verifies that the only possible primary codimension-one instabilities
are of sideband, Hopf or period doubling type.

Proposition 4.1. Suppose m = n = 1. The periodic pulse solution φ̌p,ε(x̌) to (2.1) cannot be destabilized
through a Turing or fold instability.

Proof. In the case of a γ∗-Turing instability, Eε,µ∗(0, ·) has double roots γ±1
∗ and 1 with γ∗ ∈ S 1 \ {1}.

However, this is impossible, since Eε,µ∗(0, γ) is a quartic polynomial in γ by Proposition 3.12. In the
case of a fold instability, 0 is a double root of the reduced Evans function E0,µ∗(·, 1) by Theorem 3.13.
Since 0 is a simple root of the fast Evans function E f ,0,µ∗ by [8, Proposition 4.1], the slow Evans function
Es,0,µ∗(·, 1) also has a root 0. Thus, identity (3.14) yields a(µ∗)b(µ∗) = −1. So, by Corollary 3.22 there
exists a λ in the spectrum σ(Lε) with Re(λ) > 0. Hence, the first condition in Corollary 3.8 is not
satisfied, which contradicts the occurrence of a fold instability. �
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To identify which one of the three remaining instabilities occurs when the periodic pulse φ̌p,ε destabilizes,
does not require control over the full Evans function Eε,µ. It is sufficient to track the quantities a(µ), b(µ)
and w(µ) and the roots of the slow Evans function Es,0,µ as we vary µ. Indeed, the zeros of the fast Evans
function E f ,0,µ will in general depend on the parameter µ. However, by [8, Proposition 4.1] the relative
position of these zeros with respect to the origin is fixed, i.e. no root of the fast Evans function can pass
through the origin as we vary µ. Thus, according to Theorems 3.13 and 3.14, generic instabilities occur
if either the curve λ0,µ(ν), that is attached to the origin, or a curve λ∗,µ(ν) satisfying Es,0,µ(λ∗,µ(ν), eiν) = 0
transits through the imaginary axis as we vary µ. By identity (3.14) and Proposition 3.20 this is precisely
the case if either one of the quantities a(µ), b(µ) or w(µ), defined in (3.15) and (3.17), changes sign or, for
some γ∗ ∈ S 1, there is a complex conjugate pair of roots of the slow Evans function Es,0,µ(·, γ∗) moving
through the imaginary axis iR \ {0} as µ passes through some value µ∗. Thus, we distinguish between the
following generic destabilization scenarios:

(D1) w(µ∗) = 0, ∂µw(µ∗) , 0, a(µ∗)b(µ∗) > 0 and Es,0,µ∗(λ, γ) , 0 for all γ ∈ S 1 and λ ∈ C with
Re(λ) ≥ 0;

(D2) b(µ∗) = 0, ∂µb(µ∗) , 0, a(µ∗)w(µ∗) > 0 and Es,0,µ∗(λ, γ) , 0 for all γ ∈ S 1 and λ ∈ C with
Re(λ) ≥ 0 and λ , 0;

(D3) a(µ∗) = 0, ∂µa(µ∗) , 0, b(µ∗)w(µ∗) > 0 and Es,0,µ∗(λ, γ) , 0 for all γ ∈ S 1 and λ ∈ C with
Re(λ) ≥ 0 and λ , 0;

(D4) There is a unique quadruple (±λ∗, γ±1
∗ ) with λ∗ ∈ iR \ {0} and γ∗ ∈ S 1 satisfying

Es,0,µ∗(λ∗, γ∗) = 0, Re
∂γγEs,0,µ∗(λ∗, γ∗)γ

2
∗

∂λEs,0,µ∗(λ∗, γ∗)

 < 0, Re
[
∂µEs,0,µ∗(λ∗, γ∗)
∂λEs,0,µ∗(λ∗, γ∗)

]
, 0.

In addition, a(µ∗), b(µ∗) and w(µ∗) have the same non-zero sign and Es,0,µ∗(λ, γ) , 0 for all (λ, γ) ∈
S 1 × C with Re(λ) ≥ 0 and (λ, γ) , (±λ∗, γ±1

∗ ).

We identify the type of instability occurring in these four scenarios. Clearly, the following result is an
immediate consequence of Theorems 3.13 and 3.14 and Proposition 3.20.

Corollary 4.2. Assume m = n = 1 and (D4) holds true. For any δ > 0 there exists an ε0 > 0 such that,
provided ε ∈ (0, ε0), the periodic pulse solution φ̌p,ε to (2.1) destabilizes through a γε-Hopf instability at
µ = µε with γε ∈ S 1 satisfying |γε − γ∗| < δ and |µε − µ∗| < δ.

The remainder of this section is devoted to the identification of the type of instability occurring in the
three other scenarios, which requires detailed control over the spectral geometry about the origin.

Remark 4.3. Destabilization scenario (D4) has been studied in great detail when periodic pulse solutions
approach a homoclinic limit. While decreasing the wave number k, the character of destabilization
alternates between +1-Hopf and −1-Hopf instabilities. In (k, µ)-space the curves H±1 corresponding to
±1-Hopf instabilities intersect infinitely often as they oscillate about each other while both converging
to the Hopf destabilization point of the homoclinic limit solution on the line k = 0. This phenomenon is
called the Hopf dance. In the limit ε→ 0 the two curvesH±1 cover the boundary of the region of stable
pulse solutions. The boundary is non-smooth at the (transversal) intersection points of H+1 and H−1.
This corresponds to an associated higher order phenomenon: the belly dance. The non-smoothness of the
stability boundary persists for sufficiently small ε > 0. The Hopf and belly dance were first analytically
observed in the Gierer-Meinhardt system [13, 47]. Recently, it is shown in [12] that these phenomena
are persistent mechanisms that occur in the general class (2.1) of slowly nonlinear systems. �
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4.1 The first destabilization scenario

Let (D1) hold true and assume without loss of generality a(µ∗)∂µw(µ∗) < 0. There exists a neighborhood
M ⊂ R of µ∗ such that it holds Es,0,µ(λ, γ) , 0 for any γ ∈ S 1, µ ∈ M and λ ∈ C with Re(λ) ≥ 0.
Moreover, 0 is a simple zero of E f ,0,µ by [8, Proposition 4.1]. Thus, the critical spectral curve λε,µ(ν)
attached to the origin is an isolated part of the spectrum for any µ ∈ M by Theorem 3.13. In addition,
λε,µ is real-valued and analytic and, by Proposition 3.20, we have the leading-order approximation

λε,µ(ν) = ε2
a(µ)w(µ)

cos(ν) − 1
1 + cos(ν) + 2a(µ)b(µ)

+ O

(
ε3

∣∣∣log(ε)
∣∣∣5) , (4.1)

for any µ ∈ M and ν ∈ R. So, given δ > 0, there exists ε0 > 0 such that, provided ε ∈ (0, ε0), for µ ∈ M
with |µ − µ∗| > δ the approximation (4.1) gives the spectral configuration depicted in Figures 6a and 6c.
Hence, φ̌p,ε is spectrally stable for µ ∈ M with µ < µ∗− δ and unstable for µ > µ∗+ δ. For |µ−µ∗| ≤ δ our
leading-order approximation (4.1) is insufficient to determine the precise position of the critical spectral
curve with respect to the imaginary axis. However, since λε,µ is real-valued for any µ ∈ M and Turing
instabilities do not occur by Proposition 4.1, we have obtained the following result.

Proposition 4.4. Assume m = n = 1 and (D1) holds true. For any δ > 0 there exists an ε0 > 0 such that,
provided ε ∈ (0, ε0), the periodic pulse solution φ̌p,ε to (2.1) destabilizes through a sideband instability
or spatial period doubling bifurcation at µ = µε satisfying |µε − µ∗| < δ.

(a) µ < µ∗ − δ, a(µ)w(µ) > 0

(b) |µ − µ∗| ≤ δ, a(µ)w(µ) ≈ 0 (c) µ > µ∗ + δ, a(µ)w(µ) < 0

Figure 6: The spectral geometry about the origin in the first generic destabilization scenario (D1) with
a(µ∗)∂µw(µ∗) < 0. In the second panel, the dotted curve corresponds to the case of a spatial period
doubling bifurcation and the dashed curve to a sideband instability.
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4.2 The second destabilization scenario

Let (D2) hold true and assume without loss of generality a(µ∗)∂µb(µ∗) < 0. Take δ > 0. There exists a
neighborhood M ⊂ R of µ∗ such that a(µ)w(µ) > 0, 1 + a(µ)b(µ) > 0 and Es,0,µ(λ, γ) , 0 for any γ ∈ S 1,
µ ∈ M and λ ∈ C \ B(0, δ) with Re(λ) ≥ 0. In addition, it holds Es,0,µ(0, γ) , 0 for any γ ∈ S 1 and µ ∈ M
with µ < µ∗ − δ by Proposition 3.14. So, the critical spectral curve λε,µ(ν) attached to the origin is an
isolated part of the spectrum for any µ ∈ M with µ < µ∗ − δ by Theorem 3.13. In that situation λε,µ(ν) is
by Proposition 3.20 approximated by (4.1) – see Figure 7a. Denote

ν�(µ) := arccos (max{−1 − 2a(µ)b(µ),−1}) , µ ∈ M.

(a) µ < µ∗ − δ, a(µ)b(µ) > 0 (b) |µ − µ∗| < δ, a(µ)b(µ) ≈ 0

(c) µ > µ∗ + δ, −1 < a(µ)b(µ) < 0
(d) Graph of λ0,µ(ν) for µ > µ∗ + δ, and −1 <
a(µ)b(µ) < 0 with singularities ±ν�(µ)

(e) Spectrum for |µ − µ∗| < δ, a(µ)b(µ) ≈ 0 (f) Spectrum for µ > µ∗ − δ, −1 < a(µ)b(µ) < 0

Figure 7: The spectral geometry about the origin in the second destabilization scenario (D2) with
a(µ∗)∂µb(µ∗) < 0. The area between the horizontal dashed lines correspond to the regime Re(λ) = O(ε2).
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For any µ ∈ M with µ > µ∗ − δ and ν ∈ [−π, π] with |ν ± ν�(µ)| > δ there exists by Theorem 3.14
and Proposition 3.20 a unique root λε,µ(ν) of Eε,µ(·, eiν) in B(0, δ) that is approximated by (4.1) – see
Figure 7d. Combining this with Proposition 3.14 implies that for any µ ∈ M and ν ∈ [−π, π] there are
precisely two eiν-eigenvalues of positive real part if |ν| > ν�(µ) + δ and no eiν-eigenvalues of positive real
part if |ν| < ν�(µ) − δ – see Figure 7c.

Therefore, the periodic pulse solution φ̌p,ε is spectrally stable for µ ∈ M with µ < µ∗ − δ and there
is unstable spectrum for µ > µ∗ + δ. In particular, we observe that eiν-eigenvalues with |ν ± π| < δ are in
the right half-plane strictly before eiν-eigenvalue with |ν| < δ as µ increases. Thus, a sideband instability
cannot occur.

Now suppose a spatial period doubling bifurcation occurs at µ = µε. By the previous observations
there are precisely two −1-eigenvalues in the right half-plane for µ ∈ M with µ > µ∗ + δ ≥ µε. By
definition of a period doubling bifurcation, the most unstable one of these −1-eigenvalues must have
crossed the imaginary axis at the origin. Since the spectrum is symmetric in the real axis – see Proposi-
tion 3.7 – the same holds for the other −1-eigenvalue. If the −1-eigenvalues cross simultaneously, then
Eε,µε(0, ·) has a root 1 of multiplicity two and a root −1 of multiplicity four, which is impossible, since
Eε,µε(0, ·) is a quartic polynomial by Proposition 3.12. If one −1-eigenvalue crosses first, then, by the
implicit function theorem and symmetry of the spectrum in the real axis, this −1-eigenvalue is attached
to a spectral branch that lies on the real axis. So, if the second −1-eigenvalue crosses at µ = µ̃ε > µε,
then Eε,µ̃ε(0, ·) has double roots 1 and −1 and simple roots γ±1 for some γ ∈ S 1 \ {±1}, which is again
impossible. We conclude that a period doubling bifurcation cannot occur. So, by Proposition 4.1 a Hopf
instability occurs – see Figure 7b. Thus, we obtain the following result.

Proposition 4.5. Assume m = n = 1 and (D2) holds true. For any δ > 0 there exists an ε0 > 0 such that,
provided ε ∈ (0, ε0), the periodic pulse solution φ̌p,ε to (2.1) destabilizes through a γε-Hopf instability at
µ = µε with γε ∈ S 1 satisfying |γε + 1| < δ and |µε − µ∗| < δ.

4.3 The third destabilization scenario

Let (D3) hold true and assume without loss of generality w(µ∗)∂µa(µ∗) < 0. Take δ > 0. There exists a
neighborhood M ⊂ R of µ∗ such that w(µ)b(µ) > 0, 1 + a(µ)b(µ) > 0 and Es,0,µ(λ, γ) , 0 for any γ ∈ S 1,
µ ∈ M and λ ∈ C \ B(0, δ) with Re(λ) ≥ 0. As in the second destabilization scenario (D2), for any µ ∈ M
with µ < µ∗−δ, the critical spectral curve λε,µ(ν) attached to the origin is an isolated part of the spectrum
and it is approximated by (4.1) – see Figure 8a. Also similar to scenario (D2), we establish that for any
µ ∈ M with µ > µ∗−δ and ν ∈ [−π, π] with |ν±ν�(µ)| > δ there exists a unique root λε,µ(ν) of Eε,µ(·, eiν) in
B(0, δ) that is approximated by (4.1) – see Figure 8d. Combining this with Proposition 3.14 implies that
for any µ ∈ M with µ > µ∗ + δ and ν ∈ [−π, π] with |ν± ν�(µ)| > δ there is precisely one eiν-eigenvalue of
positive real part. This excludes the possibility of a Hopf destabilization. So, by Proposition 4.1 either a
sideband instability or period doubling bifurcation occurs – see Figure 8. Thus, we obtain the following
result.

Proposition 4.6. Assume m = n = 1 and (D3) holds true. For any δ > 0 there exists an ε0 > 0 such that,
provided ε ∈ (0, ε0), the periodic pulse solution φ̌p,ε to (2.1) destabilizes through a sideband instability
or spatial period doubling bifurcation at µ = µε satisfying |µε − µ∗| < δ.
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(a) µ < µ∗ − δ, a(µ)w(µ) > 0 and a(µ)b(µ) > 0 (b) |µ−µ∗| < δ, a(µ)w(µ) ≈ 0 and −1 < a(µ)b(µ) < 0

(c) µ > µ∗ + δ, a(µ)w(µ) < 0 and −1 < a(µ)b(µ) < 0
(d) Graph of λ0,µ(ν) for µ > µ∗ + δ, a(µ)w(µ) < 0
and −1 < a(µ)b(µ) < 0 with singularities ±ν�(µ)

Figure 8: The spectral geometry about the origin in the third destabilization scenario (D3) with
w(µ∗)∂µa(µ∗) < 0. The area between the horizontal dashed lines correspond to the regime Re(λ) = O(ε2).
In the second panel, the dotted curve corresponds to the case of a spatial period doubling bifurcation and
the dashed curve to a sideband instability.

5 Proof of the main result

5.1 Set-up

In this section we prove Theorem 3.14. Thus, we assume 0 is a simple zero of the fast Evans function
E f ,0. Moreover, we take δ > 0 and denote

N� =
{
ν ∈ R : Es,0(0, eiν) = 0

}
, Sδ = R \

⋃
ν∈N�

(ν − δ, ν + δ).

For each ν ∈ R \ N� the reduced Evans function E0(·, eiν) has a simple root at 0 by Proposition 3.12.
Since E0 is analytic on its domain, there exists ς > 0 such that there are no other roots of E0(·, eiν) in the
closed ball B(0, ς) for any ν ∈ Sδ. So, provided ε > 0 is sufficiently small, there exists by Theorem 3.13
a unique (simple) root λε(ν) of Eε(·, eiν) in B(0, ς) for each ν ∈ Sδ. By Proposition 3.7, the function
λε : Sδ → B(0, ς) is real-valued, 2π-periodic and even. Moreover, since Eε is analytic, λε : Sδ → R is
also analytic by the implicit function theorem. By translational invariance, it holds λε(0) = 0 if we have
0 ∈ Sδ. Thus, all that remains to prove Theorem 3.14 is to establish the approximation (3.11).

We describe our approach to obtain the desired approximation. Fix ν ∈ Sδ. On the one hand, since
we have Eε(λε(ν), eiν) = 0, the full eigenvalue problem (3.2) admits at λ = λε(ν) a solution ϕ̃ν,ε(x) =

(ũν,ε(x), p̃ν,ε(x), ṽν,ε(x), q̃ν,ε(x)), which satisfies ϕ̃ν,ε(x) = eiνϕ̃ν,ε(x + 2Lε) for each x ∈ R. On the
other hand, the derivative φ′p,ε(x) of the periodic pulse solution φp,ε(x) = (up,ε(x), pp,ε(x), vp,ε(x), qp,ε(x))
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to (2.3) is a solution to (3.2) at λ = 0. Therefore

ψν,ε(x) :=
(

ṽν,ε(x) − v′p,ε(x)
q̃ν,ε(x) − q′p,ε(x)

)
,

solves the inhomogeneous problem

ψx = A f (x)ψ +

(
0

Bν,ε(x) + λε(ν)ṽν,ε(x)

)
, ψ ∈ C2n, (5.1)

whereA f (x) is the coefficient matrix of the fast variational equation (3.6) and Bν,ε(x) is given by

Bν,ε(x) :=
(

∂uG(φ̂p,ε(x), ε)
∂vG(φ̂p,ε(x), ε) − ∂vG(u0, vh(x, u0), 0)

)T (
ũν,ε(x) − u′p,ε(x)
ṽν,ε(x) − v′p,ε(x)

)
,

with φ̂p,ε(x) = (up,ε(x), vp,ε(x)). The operator L f associated with the fast variational equation (3.6)
is Fredholm of index 0 by Proposition 3.10. In addition, by Remark 3.11 there exists a non-trivial,
exponentially localized solution ψad(x) = (ψad,1(x), ψad,2(x)) to the adjoint problem (3.7), which is unique
up to scalar multiples. Thus, applying the solvability condition in [35, Lemma 4.2] to equation (5.1) leads
to the key identity

λε(ν)
∫ ∞

−∞

ψad,2(x)∗ṽν,ε(x)dx = −

∫ ∞

−∞

ψad,2(x)∗Bν,ε(x)dx. (5.2)

Hence, to obtain a leading-order expression of λε(ν), it is sufficient to approximate the two integrals
in (5.2). Thus, we need leading-order expressions of the solution ϕ̃ν,ε(x) to (3.2), of the solution φ̂p,ε(x)
to (2.2) and of the difference ϕ̃ν,ε(x) − φ′p,ε(x). Clearly, we can approximate φ̂p,ε(x) by its singular limit
– see Theorem 2.2. To obtain leading-order expressions for the other quantities, we proceed as follows.
Define

Dη,ε :=
{
λ ∈ C : |λ|| log(ε)| < η

}
, (5.3)

with η > 0 an ε-independent constant. Moreover, consider the intervals

I f ,ε := [−Ξε,Ξε], Is,ε := [Ξε, 2Lε − Ξε] , Ξε := −
8 log(ε)

min{µ0, µr, µh}
, (5.4)

with µh > 0 as in (2.8), µ0 > 0 as in Theorem 2.2 and µr > 0 as in Lemma 3.9. For any ν ∈ Sδ and
λ ∈ Dη,ε we establish a piecewise continuous solution ϕν,ε(x, λ) to the full eigenvalue problem (3.2) on
I f ,ε ∪ Is,ε, which has a jump only at x = 0 and satisfies ϕν,ε(−Ξε, λ) = eiνϕν,ε(2Lε − Ξε, λ) – see Figure 9.
We explicitly construct ϕν,ε via Lin’s method [5, 30, 48] using the singular limit structure (2.11) of the
periodic pulse solution φp,ε as our framework.

By Theorem 2.2, φp,ε(x) is for x ∈ I f ,ε approximated by the pulse solution φh(x, u0) to the fast reduced
system (2.4). Moreover, φp,ε(x) is for x ∈ Is,ε approximated by the solution (ψs(εx), 0) on the slow man-
ifold, where ψs solves the slow reduced system (2.6). The endpoints of the intervals Is,ε and I f ,ε corre-
spond to the x-values for which φp,ε(x) converges to one of the two non-smooth corners (u0,±J(u0), 0, 0)
of the singular concatenation (2.11) as ε→ 0.

For x ∈ I f ,ε, we establish a reduced eigenvalue problem by setting ε and λ to 0 in (3.2), while approxi-
mating φp,ε(x) by the pulse φh(x, u0). The reduced eigenvalue problem admits exponential trichotomies
on both half-lines – see §A. Hence, one can construct solutions to (3.2) for λ ∈ Dη,ε using variation of
constants formulas on the intervals

I−f ,ε := [−Ξε, 0], I+
f ,ε := [0,Ξε]. (5.5)

We can control the perturbation terms in these formulas by taking η, ε > 0 sufficiently small.
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Figure 9: A sketch of the piecewise continuous eigenfunction ϕν,ε(·, λ) on its domain of definition
[−Ξε, 2Lε − Ξε]. Also depicted are the u- and v-component of the periodic pulse solution φ̂p,ε (in the
case n = m = 1).

For x ∈ Is,ε, the lower-left block A21,ε(x) in (3.2) is exponentially small by assumption (S1) and Theo-
rem 2.2. Thus, we obtain a reduced eigenvalue problem by setting A21,ε(x) to 0 in (3.2), while approx-
imating φp,ε(x) by (ψs(εx), 0). The reduced eigenvalue problem is upper-triangular and the spectrum of
the lower-right block has a consistent splitting into n unstable and n stable eigenvalues – see Lemma 3.9.
This splitting yields the existence of an exponential trichotomy on the interval Is,ε. Thus, one can con-
struct solutions to (3.2) on Is,ε using the variation of constants formula again.

In summary, we obtain variation of constants formulas for solutions to (3.2) on the three intervals I+
f ,ε,

I−f ,ε and Is,ε. Matching of these expressions yields for any λ ∈ Dη,ε and ν ∈ Sδ a piecewise contin-
uous solution ϕν,ε(x, λ) to (3.2) on I f ,ε ∪ Is,ε which has a jump at x = 0 and satisfies ϕν,ε(−Ξε, λ) =

eiνϕν,ε(2Lε − Ξε, λ). We show that for any ν ∈ Sδ the jump of ϕν,ε(·, λ) vanishes at a unique λ-value
λ̃ε(ν) ∈ Dη,ε. Thus, since (3.2) is 2Lε-periodic, there exists a continuous solution ϕ̌ν,ε to (3.2) at λ = λ̃ε(ν)
satisfying

ϕ̌ν,ε(x) = ϕν,ε(x, λ̃ε(ν)), x ∈ I f ,ε ∪ Is,ε,

ϕ̌ν,ε(x) = eiνϕ̌ν,ε(2Lε + x), x ∈ R,
ν ∈ Sδ. (5.6)

Consequently, λ̃ε(ν) must be a zero of the Evans function Eε(·, eiν). Since the Evans function Eε(·, eiν) has
a unique root λε(ν) in B(0, ς), we must have λε(ν) = λ̃ε(ν) for each ν ∈ Sδ. Since the key identity (5.2)
is satisfied for any solution ϕ̃ν,ε to (3.2) at λ = λε(ν) satisfying ϕ̃ν,ε(x) = eiνϕ̃ν,ε(2Lε + x) for any x ∈ R, it
holds in particular for ϕ̃ν,ε = ϕ̌ν,ε.

The variation of constants formulas provide leading-order control over ϕν,ε(x, λ) on the intervals I±f ,ε
and Is,ε. Consequently, we obtain approximations for ϕ̌ν,ε and ϕ̌ν,ε − φ′p,ε for each ν ∈ Sδ. Substituting
these into (5.2) yields the desired leading-order expression for λε(ν).

This section is structured as follows. First, we establish the aforementioned reduced eigenvalue prob-
lems along the pulse (i.e. for x ∈ I f ,ε) and along the slow manifold (i.e. for x ∈ Is,ε) and we generate
exponential trichotomies for these problems. Then, we construct solutions to (3.2) on Is,ε and I±f ,ε using
variation of constants formulas. By matching these solutions at the endpoints of the intervals I±f ,ε and Is,ε

we obtain the desired piecewise continuous solution ϕν,ε to (3.2) on I f ,ε ∪ Is,ε. We show that there is a
unique λ-value for which the jump of ϕν,ε(·, λ) vanishes. Finally, we substitute leading-order approxima-
tions of ϕ̌ν,ε and ϕ̌ν,ε − φ′p,ε into the key identity (5.2) and obtain the desired leading-order expression for
λε(ν).
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5.2 A reduced eigenvalue problem along the pulse

We establish a reduced eigenvalue problem along the pulse by setting ε and λ to 0 in (3.2), while approx-
imating φp,ε(x) by the pulse φh(x, u0). Thus, the reduced eigenvalue problem reads

ϕx = A0(x)ϕ, ϕ = (u, p, v, q) ∈ C2(m+n), (5.7)

with

A0(x) :=
(
A1(x) A2(x)
A3(x) A f (x)

)
:=


0 0

∂uH2(u0, vh(x, u0)) 0
0 0

∂vH2(u0, vh(x, u0)) 0
0 0

∂uG(u0, vh(x, u0), 0) 0
0 D−1

2
∂vG(u0, vh(x, u0), 0) 0

 .
Note that (5.7) coincides with the variational equation about the pulse solution φh(x, u0) to the fast re-
duced system (2.4).

The u-components of any solution to (5.7) are constant, whereas the p-components are slaved to the other
components. Moreover, given the values of the u-components, the dynamics in the v- and q-components
is determined by system (3.6) via the variation of constants formula. Therefore, the reduced eigenvalue
problem (5.7) is governed by the variational equation (3.6) about the homoclinic ψh(x, u0) to (2.5) at
u = u0.

Thus, before studying problem (5.7), we study the dynamics of the fast variational equation (3.6). Nat-
urally, the derivative ∂xψh(x, u0) is a non-trivial, exponentially localized solution to (3.6). Moreover,
since ψh(0, u0) is contained in the space ker(I − R f ) by (E1), system (3.6) is R f -reversible at x = 0. We
establish exponential dichotomies for (3.6) on both half-lines that respect the reversible symmetry.

Proposition 5.1. Suppose 0 is a simple root of E f ,0. Then, the fast variational equation (3.6) admits
exponential dichotomies on [0,∞) and (−∞, 0] with constants C, µr > 0 and rank n projections P f ,±(x)
satisfying

‖P f ,±(±x) − P f ‖ ≤ Ce−min{µr ,µh}x, x ≥ 0, (5.8)

where µh > 0 is as in (2.8), µr > 0 is as in Lemma 3.9 and P f denotes the spectral projection onto the
stable eigenspace of the asymptotic matrix

A f ,∞ := lim
x→±∞

A f (x) =

(
0 D−1

2
∂vG(u0, 0, 0) 0

)
. (5.9)

The space of exponentially localized solutions to (3.6) is spanned by κh(x) = (∂xvh(x, u0), ∂xqh(x, u0)) =

∂xψh(x, u0). Similarly, the adjoint (3.7) has a non-trivial, exponentially localized solution ψad(x) =

(ψad,1(x), ψad,2(x)), which is unique up to scalar multiples and satisfies∫ ∞

−∞

ψad,2(x)∗∂xvh(x, u0)dx , 0, ‖ψad(y)‖ ≤ Ce−µr |y|, y ∈ R.

Moreover, we have the decomposition

C2n = Yu ⊕ Y s ⊕ Yc ⊕ Y⊥, (5.10)

with Yc = Sp(κh(0)), Y⊥ = Sp(ψad(0)) and

P f ,+(0)[C2n] = Y s ⊕ Yc, P f ,−(0)[C2n] = Y s ⊕ Y⊥,

ker(P f ,+(0)) = Yu ⊕ Y⊥, ker(P f ,−(0)) = Yu ⊕ Yc.
(5.11)

The spaces Yu ⊕ Y s, Y⊥ and Yc are pairwise orthogonal and the decomposition (5.10) respects the
reversible symmetry:

R f κh(0) = −κh(0), R fψad(0) = ψad(0), R f [Y s] = Yu. (5.12)
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Proof. By Lemma 3.9 the asymptotic matrix A f ,∞ is hyperbolic with spectral gap larger than µr. The
stable and unstable eigenspaces ofA f ,∞ have dimension n. Moreover, estimate (2.8) implies∥∥∥A f (x) −A f ,∞

∥∥∥ ≤ Ke−µh |x|, x ∈ R,

for some K > 0. Hence, [35, Lemma 3.4] provides exponential dichotomies for (3.6) on [0,∞) and
(−∞, 0] with constants Cr, µr > 0 and rank n projections P f ,±(x) satisfying (5.8). In addition, by Propo-
sition 3.10, the kernel of the operator L f , associated with system (3.6), is one-dimensional, because 0 is
a simple root of E f ,0. Since κh(x) is a non-trivial, exponentially localized solution to (3.6) by (E1), we
deduce Yc := Sp(κh(0)) = P f ,+(0)[C2n] ∩ ker(P f ,−(0)).

Define Y s to be the (n − 1)-dimensional orthogonal complement of Yc in P f ,+(0)[C2n]. Any solution
ϕ(x) to (3.6) with initial condition ϕ(0) ∈ Y s decays exponentially to 0 as x→ ∞. In addition, since sys-
tem (3.6) is R f -reversible at x = 0, the solution R fϕ(−x) to (3.6) decays exponentially to 0 as x → −∞.
Therefore, Yu := R f [Y s] is contained in ker(P f ,−(0)). Since R f is self-adjoint and R f [κh(0)] = −κh(0),
the n-dimensional space ker(P f ,−(0)) arises as the orthogonal sum of Yc and Yu.

By Remark 3.11 there exists a non-trivial, exponentially localized solution ψad(x) to the adjoint equa-
tion (3.7), which is unique up to scalar multiples. Clearly, system (3.7) also has an exponential dichotomy
on both half-lines with constants Cr, µr > 0. This yields ‖ψad(x)‖ ≤ Cre−µr |x| for x ∈ R. The pointwise
inner product of ψad(x) with any solution ϕ(x) to (3.6) is constant in x. Thus, the pointwise inner product
of ψad(x) with solutions ϕ(x) to (3.6) that are decaying to 0 as x → ±∞ must equal 0. Hence, the spaces
Y s ⊕Yu, Yc and Y⊥ := Sp(ψad(0)) must be pairwise orthogonal. Since we have the decomposition (5.10),
we may without loss of generality assume by [40, Lemma 1.2(ii)] that P f ,−(0)[C2n] = Y s ⊕ Y⊥ and
ker(P f ,+(0)) = Yu ⊕ Y⊥.

Finally, R fψad(−x) is also an exponentially localized solution to (3.7). This implies R fψad(0) = αψad(0)
for some α ∈ σ(R f ) = {±1}. On the other hand, because the eigenvalue 0 of L f has algebraic multiplic-
ity 1 by Proposition 3.10, the generalized eigenvalue problem

L fϕ = ∂xvh(x, u0),

has no bounded solutions. Hence, the Fredholm alternative in [35, Lemma 4.2] implies

0 ,
∫ ∞

−∞

ψad,2(x)∗∂xvh(x, u0)dx,

since we have ker(L∗f ) = Sp(ψad,2). Therefore, ψad,2(x) cannot be even, because ∂xvh(x, u0) is an odd
function of x. Hence, ψad,2(x) is odd and we establish R fψad(0) = ψad(0). �

The evolution operator of the reduced eigenvalue problem (5.7) can be expressed in terms of the evolution
operator of the fast variational equation (3.6) via the variation of constants formula. Thus, the solution
κh(x) = ∂xψh(x, u0) to (3.6) yields the non-trivial, exponentially localized solution

ϕh(x) :=
( ∫ x
∞
A2(z)κh(z)dz
κh(x)

)
=


0

H2(u0, vh(x, u0))
∂xvh(x, u0)
∂xqh(x, u0)

 = ∂xφh(x, u0), (5.13)

to (5.7). Moreover, since the matrix function Kin(x) := (∂uψh(x, u0) | 0) solves the inhomogeneous
problem

Xx = A f (x)X +A3(x), X ∈ Mat2n×2m(C),
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we obtain a family of solutions

Φin(x) :=
(

I +
∫ x

0 [A2(z)Kin(z) +A1(z)] dz
Kin(x)

)
. (5.14)

to (5.7). By (S1) and (2.8) there exists a constant C > 0 such that∥∥∥∥∥∥Φin(±x) −
(

Υ±∞
0

)∥∥∥∥∥∥ ≤ Ce−µh x, x ≥ 0, (5.15)

with

Υ±∞ :=
(

I 0
±∂uJ(u0) I

)
∈ Mat2m×2m(C),

where J : Uh → R is defined in (2.7).

We show that the exponential dichotomies of (3.6), established in Proposition 5.1, yield exponential
trichotomies for (5.7) with projections converging to the spectral projections of the associated asymp-
totic matrix

A∞ := lim
x→±∞

A0(x) =

(
0 A2,∞
0 A f ,∞

)
, (5.16)

whereA f ,∞ is defined in (5.9) and

A2,∞ :=
(

0 0
∂vH2(u0, 0, 0) 0

)
. (5.17)

Proposition 5.2. Suppose 0 is a simple root of E f ,0. System (5.7) admits exponential trichotomies on
[0,∞) and (−∞, 0] with constants C, µr > 0 and projections Pu,s,c

± (x) satisfying∥∥∥Pu,s,c
± (±x) − Pu,s,c

∥∥∥ ≤ Ce−min{µr ,µh}x/2, x ≥ 0, (5.18)

where µh > 0 is as in (2.8), µr > 0 is as in Lemma 3.9 and Pu,Ps and Pc are the spectral projections
onto the unstable, stable and neutral eigenspace of the asymptotic matrixA∞, respectively. Moreover, it
holds

Pu
−(0) =

 0
∫ 0
−∞
A2(x)Φu

f ,−(x, 0)dx
0 I − P f ,−(0)

 , Pu
+(0) =

(
0 0∫ ∞

0 Φu
f ,+(0, x)A3(x)dx I − P f ,+(0)

)
,

Ps
+(0) =

 0
∫ 0
∞
A2(x)Φs

f ,+(x, 0)dx
0 P f ,+(0)

 , Ps
−(0) =

 0 0∫ −∞
0 Φs

f ,−(0, x)A3(x)dx P f ,−(0)

 , (5.19)

where Φ
u,s
f ,±(x, y) denotes the (un)stable evolution operator of the fast variational equation (3.6) under

the exponential dichotomies, established in Proposition 5.1, with projections P f ,±(x). Finally, we have
the decompositions

ker(Pu
+(0)) = Ps

+(0)[C2(m+n)] ⊕ Φin(0)[C2m], ker(Ps
−(0)) = Pu

−(0)[C2(m+n)] ⊕ Φin(0)[C2m], (5.20)

where Φin is defined in (5.14), and

Ps
+(0)[C2(m+n)] = Ps

+(0)[Z s] ⊕ Sp(ϕh(0)), Z s := {(0, b) : b ∈ Y s},

Pu
−(0)[C2(m+n)] = Pu

−(0)[Zu] ⊕ Sp(ϕh(0)), Zu := {(0, b) : b ∈ Yu}.
(5.21)

where Yu,s are as in Proposition 5.1 and ϕh is defined in (5.13).
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Proof. In the following, we denote by C > 0 a sufficiently large constant.

The evolution Φ0(x, y) of (5.7) can be expressed in terms of the evolution Φ f (x, y) of (3.6) as follows

Φ0(x, y) =

 I +
∫ x

y

[
A2(z)

∫ z
y Φ f (z,w)A3(w)dw +A1(z)

]
dz

∫ x
y A2(z)Φ f (z, y)dz∫ x

y Φ f (x, z)A3(z)dz Φ f (x, y)

 . (5.22)

By Proposition 5.1 equation (3.6) admits exponential dichotomies on [0,∞) and (−∞, 0] with constants
C, µr > 0 and rank n projections P f ,±(x) satisfying∥∥∥P f ,±(±x) − P f

∥∥∥ ≤ Ce−min{µr ,µh}x, x ≥ 0, (5.23)

where P f is the spectral projection onto the stable eigenspace ofA f ,∞, defined in (5.9). We construct an
explicit exponential trichotomy for (5.7) on (−∞, 0] using the matrix functions

A(x) :=
∫ x

−∞

A2(z)Φu
f ,−(z, x)dx, B(x) :=

∫ 0

x
Φu

f ,−(x, z)A3(z)dz,

E(x) :=
∫ x

0
A2(z)Φs

f ,−(z, x)dx, D(x) :=
∫ −∞

x
Φs

f ,−(x, z)A3(z)dz.

Clearly, A, B,D and E are bounded on (−∞, 0]. We consider their asymptotic behavior. By (2.8) and (S1),
it holds

‖A1(x)‖, ‖A2(x) −A2,∞‖, ‖A3(x)‖, ‖A f (x) −A f ,∞‖ ≤ Ce−µh |x|. x ∈ R, (5.24)

By writing B(x) as a sum of two integrals over the intervals (x, x/2) and (x/2, 0) and estimating both
integrals independently using (5.24) and the exponential dichotomy of (3.6), we deduce that B(x) con-
verges exponentially to 0 as x → −∞ with rate min{µr, µh}/2. Since A f ,∞ is hyperbolic by Lemma 3.9,
the matrixA f (x) is by (5.24) invertible for x < 0 sufficiently small. Thus, for x � 0 we may write

A(x) =

∫ x

−∞

A2(z)A f (z)−1∂zΦ
u
f ,−(z, x)dz.

Combining the latter with (5.23) and (5.24), leads, via integration by parts, to the approximations

‖B(x)‖,
∥∥∥∥A(x) −A2,∞A

−1
f ,∞(I − P f )

∥∥∥∥ ≤ Cemin{µr ,µh}x/2, x ≤ 0. (5.25)

Similarly, we derive

‖D(x)‖,
∥∥∥∥E(x) −A2,∞A

−1
f ,∞P f

∥∥∥∥ ≤ Cemin{µr ,µh}x/2, x ≤ 0. (5.26)

We define candidate trichotomy projections

Pu
−(x) :=

(
A(x)B(x) A(x)

B(x) I − P f ,−(x)

)
, Ps

−(x) :=
(

E(x)D(x) E(x)
D(x) P f ,−(x)

)
, x ≤ 0,

and we calculate using (5.22)

Pu
−(x)Φ0(x, y) =

 A(x)Φu
f ,−(x, y)B(y) A(x)Φu

f ,−(x, y)
Φu

f ,−(x, y)B(y) Φu
f ,−(x, y)

 = Φ0(x, y)Pu
−(y),

Ps
−(y)Φ0(y, x) =

 E(y)Φs
f ,−(y, x)D(x) E(y)Φs

f ,−(y, x)
Φs

f ,−(y, x)D(x) Φs
f ,−(y, x)

 = Φ0(y, x)Ps
−(x),

x ≤ y ≤ 0.

Since A, B,D and E are bounded on (−∞, 0], the above calculations imply∥∥∥Pu
−(x)Φ0(x, y)

∥∥∥ , ∥∥∥Ps
−(y)Φ0(y, x)

∥∥∥ ≤ Ce−µr(y−x), x ≤ y ≤ 0.
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Define Pc
−(x) := I − Ps

−(x) − Pu
−(x) for x ≤ 0. Observe that

Pc
−(x)Φ0(x, y) =

(
E1(x, y) E2(x, y)
E3(x, y) 0

)
= Φ0(x, y)Pc

−(y), x, y ≤ 0,

where the matrices

E1(x, y) := I +

∫ x

y
A1(z)dz +

∫ −∞

y
A2(z)

∫ z

y
Φu

f ,−(z,w)A3(w)dwdz

+

∫ −∞

x
A2(z)

∫ 0

z
Φu

f ,−(z,w)A3(w)dwdz +

∫ 0

y
A2(z)

∫ z

y
Φs

f ,−(z,w)A3(w)dwdz

+

∫ 0

x
A2(z)

∫ −∞

z
Φs

f ,−(z,w)A3(w)dwdz,

E2(x, y) :=
∫ −∞

y
A2(z)Φu

f ,−(z, y)dz +

∫ 0

y
A2(z)Φs

f ,−(z, y)dz,

E3(x, y) :=
∫ x

0
Φu

f ,−(x, z)A3(z)dz +

∫ x

−∞

Φs
f ,−(x, z)A3(z)dz.

are bounded on (−∞, 0] × (−∞, 0] by (5.24). Therefore, the projections Pu,s,c
− (x) define an exponential

trichotomy for equation (5.7) on (−∞, 0]. The spectral projections Pu,s,c on the unstable, stable and
neutral eigenspace of the asymptotic matrixA∞ are given by

Pu =

(
0 A2,∞A

−1
f ,∞(I − P f )

0 I − P f

)
, Ps =

(
0 A2,∞A

−1
f ,∞P f

0 P f

)
, Pc =

(
I −A2,∞A

−1
f ,∞

0 0

)
, (5.27)

Thus, the approximations (5.23), (5.25) and (5.26) yield ‖Pu,s,c
− (x) − Pu,s,c‖ ≤ Cemin{µr ,µh}x/2 for x ≤ 0.

We have obtained the desired exponential trichotomy for (5.7) on (−∞, 0]. The construction of the expo-
nential trichotomy for (5.7) on [0,∞) is analogous.

Finally, we establish the decompositions (5.20) and (5.21). On the one hand, the upper (2m × 2m)-
block of Φin(0) is lower-triangular and has determinant 1. Therefore, the columns of Φin(x) constitute
2m linearly independent solutions to (5.7), which are bounded, but not exponentially localized by (5.15).
On the other hand, Pu,s

± (0) has rank n, since P f ,±(0) is a rank n projection. This yields the decomposi-
tion (5.20). Furthermore, it holds Ps

+(0)[C2(m+n)] = Ps
+(0)[{(0, b) : b ∈ P f ,+(0)[C2n]}]. Since we have

P f ,+(0)[C2n] = Y s ⊕ Yc with Yc = Sp(κh(0)) by Proposition 5.1, the decomposition of Ps
+(0)[C2(m+n)]

in (5.21) follows. Analogously, we obtain the decomposition of Pu
−(0)[C2(m+n)] in (5.21). �

As mentioned in §5.1, our goal is to construct a piecewise continuous solution ϕν,ε(x, λ) to the full
eigenvalue problem (3.2), which has a jump at x = 0 only. The solution ϕν,ε(x, λ) arises by matching
solutions to (3.2), which are defined on the three intervals Is,ε, I−f ,ε and I+

f ,ε, given by (5.4) and (5.5).
We match these solutions in such a way that the jump at 0 is confined to the one-dimensional space
spanned by (0, ψad(0)), where ψad(x) is the exponentially localized solution to the adjoint variational
equation (3.6), established in Proposition 5.1. This requires the following technical result.

Lemma 5.3. Suppose 0 is a simple root of E f ,0. Let Y s,Yu,Yc and Y⊥ be as in Proposition 5.1. Denote
by Qc the projection on Yc along Y s ⊕ Yu ⊕ Y⊥, by Qs the projection on Y s along Yu ⊕ Yc ⊕ Y⊥ and by
Qu the projection on Yu along Y s ⊕ Yc ⊕ Y⊥. The projections

Qc :=
(

0 0
0 Qc

)
, Q̂c :=

 I −
∫ 0
−∞
A2(x)Φ f (x, 0)dxQu −

∫ 0
∞
A2(x)Φ f (x, 0)dx(Qs + Qc)

0 0

 ,
Qs :=

(
0 0

Qs
∫ −∞

0 Φ f (0, x)A3(x)dx Qs

)
, Qu :=

(
0 0

Qu
∫ ∞

0 Φ f (0, x)A3(x)dx Qu

)
,

(5.28)
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are well-defined and it holds

Z⊥ = ker(Qc) ∩ ker(Q̂c) ∩ ker(Qs) ∩ ker(Qu), Z⊥ := {(0, b) : b ∈ Y⊥}. (5.29)

Moreover, we have

QcΦin(0) = 0, Qcϕh(0) =

(
0

κh(0)

)
, Q̂c

(
0 0
0 I + R f

)
= 0, Q̂cΦin(0) =

(
I
0

)
,

Q̂c =

 I −
∫ 0
−∞
A2(x)Φ f (x, 0)dx(Qu + Qc) −

∫ 0
∞
A2(x)Φ f (x, 0)dxQs

0 0

 , (5.30)

where ϕh and Φin are defined in (5.13) and (5.14), respectively, and κh(x) = ∂xψh(x, u0).

Proof. The integrals in (5.28) converge by (5.11). Thus, the projections in (5.28) are well-defined.
Furthermore, the homoclinic solution ψh(x, u0) to (2.5) at u = u0 satisfies R fψh(x, u0) = ψh(−x, u0) for
any x ∈ R by (E1). Taking derivatives yields

R f κh(0) = −κh(0), R f κin(0) = κin(0), (5.31)

where κin(x) = ∂uψh(x, u0). Consequently, any column of κin(0) lies in the orthogonal complement of
Yc = Sp(κh(0)), which is given by Y s ⊕Yu ⊕Y⊥ by Proposition 5.1. Hence, we have Qcκin(0) = 0 and the
first two identities in (5.30) follow.

The fast variational equation (3.6) is R f -reversible at x = 0 by (E1). Thus, by (5.12) it holds Φ f (−x, 0)Qu =

R f Φ f (x, 0)QsR f and Φ f (−x, 0)Qc = R f Φ f (x, 0)QcR f for any x ≥ 0. Combining the latter with (5.31)
leads to the other three identities in (5.30), where we use that A2(x)R f = A2(x) and A2(x) = A2(−x)
holds for any x ∈ R by (E1).

Using (5.11) we immediately establish Z⊥ ⊂ ker(Qc) ∩ ker(Q̂c) ∩ ker(Qs) ∩ ker(Qu). Conversely, as-
sume (a, b) ∈ ker(Qc) ∩ ker(Q̂c) ∩ ker(Qs) ∩ ker(Qu) with a ∈ C2m and b ∈ C2n. Then, it holds

Qcb = 0, a =

∫ 0

−∞

A2(x)Φ f (x, 0)dxQub +

∫ 0

∞

A2(x)Φ f (x, 0)dx(Qs + Qc)b,

Qsb = −Qs
∫ −∞

0
Φ f (0, x)A3(x)adx, Qub = −Qu

∫ ∞

0
Φ f (0, x)A3(x)adx.

We derive that A3(x)a = 0 for any x ∈ R. Hence, it holds Qu,s,cb = 0 yielding b ∈ Y⊥ and a = 0. We
conclude (a, b) ∈ Z⊥. �

5.3 A reduced eigenvalue problem along the slow manifold

Along the slow manifold, i.e. away from the pulse, the v-components of the periodic pulse solution φp,ε(x)
are exponentially small and the u-components are approximated by us(εx) – see Theorem 2.2. Hence,
by assumption (S1), the lower-left block A21,ε(x) in the full eigenvalue problem (3.2) is exponentially
small, whereas the upper-left block A11,ε(x, λ) is approximated by εAs(εx), where As is the coefficient
matrix of the slow variational equation (2.9). Thus, along the slow manifold, we arrive at the reduced
eigenvalue problem

ϕx = A∗,ε(x, λ)ϕ, ϕ = (u, p, v, q) ∈ C2(m+n), (5.32)

with

A∗,ε(x, λ) :=
(
εAs(εx) A12,ε(x)

0 A22,ε(x, λ)

)
.
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Due to its upper-triangular block structure, the dynamics in system (5.32) is governed by the blocks on
the diagonal via the variation of constants formula. The lower-right blockA22,ε(x, λ) has slowly varying
coefficients and is pointwise hyperbolic along the slow manifold. Hence, on the interval Is,ε, defined
in (5.4), system

ψx = A22,ε(x, λ)ψ, ψ ∈ C2n, (5.33)

admits an exponential dichotomy, which yields an exponential trichotomy for the reduced eigenvalue
problem (5.32).

Proposition 5.4. Provided ς, ε > 0 are sufficiently small, system (5.32) has for every λ ∈ B(0, ς) an ex-
ponential trichotomy on Is,ε with constants C, µs > 0, independent of ε and λ, and projections Pu,s,c

∗,ε (x, λ).
Moreover, we have µs = 1

2µr, where µr > 0 is as in Lemma 3.9. The projections Pu,s,c
∗,ε (x, ·) are analytic

on B(0, ς) for each x ∈ Is,ε and satisfy∥∥∥Pu,s,c
∗,ε (Ξε, λ) − Pu,s,c

∥∥∥ , ∥∥∥Pu,s,c
∗,ε (2Lε − Ξε, λ) − Pu,s,c

∥∥∥ ≤ C
(
ε| log(ε)| + |λ|

)
, (5.34)

where Ξε is as in (5.4) and Pu,Ps and Pc are the spectral projections onto the unstable, stable and
neutral eigenspace of the asymptotic matrixA∞, defined in (5.16).

Proof. In the following, we denote by C > 0 a constant, which is independent of ε and λ.

We start by establishing an exponential dichotomy for the subsystem (5.33) of the reduced eigenvalue
problem (5.32). We define

Jα,ε := [Ξε/α, 2Lε − Ξε/α] , α ≥ 0.

First, by Theorem 2.2 it holds

‖u′p,ε(x)‖ = ε
∥∥∥D−1

1 pp,ε(x)
∥∥∥ ≤ Cε, ‖v′p,ε(x)‖ = ‖D−1

2 qp,ε(x)‖ ≤ Cε2, x ∈ J4,ε,

which implies ∥∥∥∂xA22,ε(x, λ)
∥∥∥ ≤ Cε, x ∈ J4,ε, λ ∈ B(0, ς).

Second, by Theorem 2.2 we have∥∥∥φ̂p,ε(x) − (up,ε(x), 0)
∥∥∥ ≤ Cε2, x ∈ J4,ε,

which implies ∥∥∥A22,ε(x, λ) − A(up,ε(x), λ)
∥∥∥ ≤ Cε, x ∈ J4,ε, λ ∈ B(0, ς), (5.35)

where A(u, λ) is defined in (3.3). By Theorem 2.2 and Lemma 3.9, the matrix A(up,ε(x), λ) is, provided
ε > 0 is sufficiently small, hyperbolic for each x ∈ J4,ε and λ ∈ B(0, ς) with spectral gap larger than
µr = 2µs. So, by (5.35), the same holds forA22,ε(x, λ), provided ε > 0 is sufficiently small. Third,A22,ε
is bounded on J4,ε × B(0, ς) by an ε-independent constant using Theorem 2.2. Combining these three
items with Proposition A.3 yields, provided ε > 0 is sufficiently small, an exponential dichotomy for
system (5.33) on J2,ε with constants C, µs > 0 and projections Π f ,ε(x, λ). The projections Π f ,ε(x, ·) are
analytic on B(0, ς) for each x ∈ J2,ε and satisfy∥∥∥Π f ,ε(x, λ) − Qε(x, λ)

∥∥∥ ≤ Cε, x ∈ J2,ε, λ ∈ B(0, ς), (5.36)

where Qε(x, λ) is the spectral projection onto the stable eigenspace ofA22,ε(x, λ). On the other hand, by
Theorem 2.2 and estimate (2.8) we have∥∥∥φ̂p,ε(Ξε) − (u0, 0)

∥∥∥ ≤ Cε| log(ε)|,
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yielding ∥∥∥A22,ε(Ξε, λ) −A f ,∞
∥∥∥ ≤ C

(
ε| log(ε)| + |λ|

)
, λ ∈ B(0, ς),

where A f ,∞ is given by (5.9). Thus, the same bound holds true for the spectral projections associated
withA22,ε(Ξε, λ) andA f ,∞. Combining the latter with (5.36) yields∥∥∥Π f ,ε(Ξε, λ) − P f

∥∥∥ ≤ C
(
ε| log(ε)| + |λ|

)
, λ ∈ B(0, ς), (5.37)

where P f is the spectral projection onto the stable eigenspace ofA f ,∞.

The next step is to express the evolution T∗,ε(x, y, λ) of the upper-triangular block system (5.32) in terms
of the evolution T f ,ε(x, y, λ) of (5.33) and the evolution Φs(x̌, y̌) of the slow variational equation (2.9).
Thus, via the variation of constants formula we obtain

T∗,ε(x, y, λ) =

 Φs(εx, εy)
∫ x

y Φs(εx, εz)A12,ε(z)T f ,ε(z, y, λ)dz
0 T f ,ε(x, y, λ)

 . (5.38)

We define candidate trichotomy projections

Ps
∗,ε(x, λ) :=

 0
∫ x

2Lε− 1
2 Ξε

Φs(εx, εz)A12,ε(z)T s
f ,ε(z, x, λ)dz

0 Π f ,ε(x, λ)

 ,
Pu
∗,ε(x, λ) :=

 0
∫ x

1
2 Ξε

Φs(εx, εz)A12,ε(z)T u
f ,ε(z, x, λ)dz

0 I − Π f ,ε(x, λ)

 ,
Pc
∗,ε(x, λ) := I − Ps

∗,ε(x, λ) − Pu
∗,ε(x, λ),

x ∈ Is,ε, λ ∈ B(0, ς),

where T u,s
f ,ε (x, y, λ) denotes the (un)stable evolution under the exponential dichotomy of (5.33) on J2,ε.

The projections Pu,s,c
∗,ε (x, ·) are analytic on B(0, ς) for each x ∈ Is,ε, because the projections Π f ,ε(x, λ)

and the evolution T f ,ε(x, y, λ) are analytic in λ using [28, Lemma 2.1.4]. On the other hand, Grönwall’s
inequality yields

‖Φs(εx, εz)‖ ≤ C, x, y ∈ J2,ε, (5.39)

because it holds |εLε − `0| ≤ Cε by Theorem 2.2. Using (5.38) we calculate for x, y ∈ Is,ε and λ ∈ B(0, ς)

Ps
∗,ε(x, λ)T∗,ε(x, y, λ) :=

 0
∫ x

2Lε− 1
2 Ξε

Φs(εx, εz)A12,ε(z)T s
f ,ε(z, y, λ)dz

0 T s
f ,ε(x, y, λ)

 = T∗,ε(x, y, λ)Ps
∗,ε(y, λ),

Pu
∗,ε(y, λ)T∗,ε(y, x, λ) :=

 0
∫ y

1
2 Ξε

Φs(εy, εz)A12,ε(z)T u
f ,ε(z, x, λ)dz

0 T u
f ,ε(y, x, λ)

 = T∗,ε(y, x, λ)Pu
∗,ε(x, λ),

and

Pc
∗,ε(x, λ)T∗,ε(x, y, λ) :=

(
Φs(εx, εy) Eε(x, y, λ)

0 0

)
= T∗,ε(x, y, λ)Pc

∗,ε(y, λ), (5.40)

Eε(x, y, λ) := −
∫ y

2Lε− 1
2 Ξε

Φs(εx, εz)A12,ε(z)T s
f ,ε(z, y, λ)dz −

∫ y

1
2 Ξε

Φs(εx, εz)A12,ε(z)T u
f ,ε(z, y, λ)dz.

Using estimate (5.39) and the fact that A12,ε is ε-uniformly bounded on J2,ε by Theorem 2.2, the above
calculations imply for x, y ∈ Is,ε and λ ∈ B(0, ς)∥∥∥Ps

∗,ε(x, λ)T∗,ε(x, y, λ)
∥∥∥ , ∥∥∥Pu

∗,ε(y, λ)T∗,ε(y, x, λ)
∥∥∥ ≤ Ce−µs(x−y), x ≥ y,

and ∥∥∥Pc
∗,ε(x, λ)T∗,ε(x, y, λ)

∥∥∥ ≤ C.

Therefore, the projections Pu,s,c
∗,ε (x) define an exponential trichotomy for equation (5.32) on Is,ε.
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Finally, we establish the approximations (5.34). Define J̃ε :=
[

1
2Ξε,

3
2Ξε

]
. First, by Grönwall type

estimates [36, Lemma 1] it holds

‖Φs(εx, εy) − I‖ ≤ Cε| log(ε)|, x, y ∈ J̃ε, (5.41)

Second, by Theorem 2.2 and estimate (2.8) we have∥∥∥φ̂p,ε(x) − (u0, 0)
∥∥∥ ≤ Cε| log(ε)|, x ∈ J̃ε,

yielding for x ∈ J̃ε and λ ∈ B(0, ς)∥∥∥A12,ε(x) −A2,∞
∥∥∥ ≤ Cε| log(ε)|,

∥∥∥A22,ε(x, λ) −A f ,∞
∥∥∥ ≤ C

(
ε| log(ε)| + |λ|

)
, (5.42)

where A2,∞ is defined in (5.17). Since A f ,∞ is hyperbolic by Lemma 3.9, the matrix A22,ε(x, λ) is
by (5.42) invertible for each x ∈ J̃ε and λ ∈ B(0, ς), provided ε, ς > 0 are sufficiently small. Thus, for
λ ∈ B(0, ς) we may write∫ Ξε

1
2 Ξε

Φs(εΞε, εz)A12,ε(z)T u
f ,ε(z,Ξε, λ)dz

=

∫ Ξε

1
2 Ξε

Φs(εΞε, εz)A12,ε(z)A22,ε(z, λ)−1∂zT f ,ε(z,Ξε, λ)dz
(
I − Π f ,ε(Ξε, λ)

)
.

Combining the latter with (5.37), (5.41) and (5.42), leads, via integration by parts, to the approximation∥∥∥∥∥∥
∫ Ξε

1
2 Ξε

Φs(εΞε, εz)A12,ε(z)T u
f ,ε(z,Ξε, λ)dz −A2,∞A

−1
f ,∞(I − P f )

∥∥∥∥∥∥ ≤ C
(
ε| log(ε)| + |λ|

)
, (5.43)

for λ ∈ B(0, ς). Similarly, we derive∥∥∥∥∥∥
∫ Ξε

3
2 Ξε

Φs(εΞε, εz)A12,ε(z)T s
f ,ε(z,Ξε, λ)dz −A2,∞A

−1
f ,∞P f

∥∥∥∥∥∥ ≤ C
(
ε| log(ε)| + |λ|

)
, (5.44)

for λ ∈ B(0, ς). On the other hand, (5.39) yields∥∥∥∥∥∥∥
∫ 3

2 Ξε

2Lε− 1
2 Ξε

Φs(εΞε, εz)A12,ε(z)T s
f ,ε(z,Ξε, λ)dz

∥∥∥∥∥∥∥ ≤ Cε, λ ∈ B(0, ς). (5.45)

The spectral projections Pu,s,c on the unstable, stable and neutral eigenspace of the asymptotic matrix
A∞ are given by (5.27). Thus, the approximations (5.37), (5.43), (5.44) and (5.45) yield ‖Pu,s,c

∗,ε (Ξε, λ) −
Pu,s,c‖ ≤ C(ε| log(ε)| + |λ|) for λ ∈ B(0, ς). The other estimate in (5.34) follows analogously. �

5.4 Construction of a piecewise continuous eigenfunction

Let Sδ, Dη,ε and Ξε be as in (3.10), (5.3) and (5.4), respectively. We establish for any λ ∈ Dη,ε and
ν ∈ Sδ a piecewise continuous solution ϕν,ε(x, λ) to the full eigenvalue problem (3.2) on the interval
[−Ξε, 2Lε − Ξε], which has a jump only at x = 0 and satisfies ϕν,ε(−Ξε, λ) = eiνϕν,ε(2Lε − Ξε, λ). The
construction of ϕν,ε is based on Lin’s method [5, 30, 44].

Theorem 5.5. Suppose 0 is a simple root of E f ,0. Take δ > 0. Provided η, ε > 0 are sufficiently small,
there exists for every λ ∈ Dη,ε and ν ∈ Sδ a piecewise continuous solution ϕν,ε(x, λ) to the full eigenvalue
problem (3.2) on [−Ξε, 2Lε − Ξε], which has a jump only at x = 0, satisfies

ϕν,ε(−Ξε, λ) = eiνϕν,ε(2Lε − Ξε, λ),
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and enjoys the estimates∥∥∥ϕν,ε(x, λ) − ϕh(x)
∥∥∥ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

)
, x ∈ [−Ξε, 2Lε − Ξε], (5.46)∥∥∥ϕν,ε(x, λ) − φ′p,ε(x) + εΦin(x)B(ν)

∥∥∥ ≤ C| log(ε)|
(
ε2| log(ε)|3 + |λ|

)
, x ∈

[
−

Ξε
2 ,

Ξε
2

]
, (5.47)

where B(ν), ϕh and Φin are defined in (3.13), (5.13) and (5.14), respectively, and C > 0 is a constant
independent of ε, λ and ν. In addition, for any ν ∈ Sδ there exists a unique λ-value λ̃ε(ν) ∈ Dη,ε for
which the jump of ϕν,ε(·, λ) vanishes.

Proof. In the following, we denote by C > 0 a constant, which is independent of ε, λ and ν.

Let I f ,ε = I+
f ,ε ∪ I−f ,ε and Is,ε be as in (5.4) and (5.5). Our approach is to regard the full eigenvalue

problem (3.2) as a perturbation of the reduced eigenvalue problems (5.7) and (5.32) on the intervals I f ,ε

and Is,ε, respectively. Propositions 5.2 and 5.4 yield exponential trichotomies for (5.7) and (5.32). For
λ ∈ Dη,ε, this leads to variation of constants formulas for solutions to (3.2) on the three intervals Is,ε, I−f ,ε
and I+

f ,ε. We match these solutions at the endpoints 0,±Ξε and 2Lε−Ξε of the intervals Is,ε and I±f ,ε using
the estimates (5.18) and (5.34) on the trichotomy projections and identity (5.29). Thus, we obtain for any
λ ∈ Dη,ε and ν ∈ Sδ a piecewise continuous solution ϕν,ε(x, λ) to (3.2) on I f ,ε ∪ Is,ε, which has a jump
only at x = 0 and satisfies ϕν,ε(−Ξε, λ) = eiνϕν,ε(2Lε − Ξε, λ). For each λ ∈ Dη,ε and ν ∈ Sδ the jump

Jν,ε(λ) := lim
x↓0

ϕν,ε(x, λ) − lim
x↑0

ϕν,ε(x, λ), (5.48)

is contained in the one-dimensional space Z⊥, defined in (5.29). Pairing the jump with the solution ψad(x)
to the adjoint (3.7), established in Proposition 5.1, leads to an (analytic) equation in λ and ν, which has a
unique solution λ̃ε(ν) ∈ Dη,ε.

The variation of constants formulas provide leading-order expressions for ϕν,ε(x, λ) on the three intervals
Is,ε, I−f ,ε and I+

f ,ε, leading to (5.46). Moreover, since the derivative φ′p,ε(x) is a solution to (3.2) at λ = 0,
we can write φ′p,ε(x) in terms of similar variation of constants formulas on I±f ,ε yielding the leading-order
approximation (5.47) for ϕν,ε(x, λ) − φ′p,ε(x).

Thus, we start by establishing expressions for solutions to the full eigenvalue problem (3.2) along the
pulse, i.e. for x ∈ I f ,ε = I−f ,ε ∪ I+

f ,ε. We regard (3.2) as the perturbation

ϕx =
(
A0(x) + B0,ε(x, λ)

)
ϕ, ϕ ∈ C2(m+n),

of the reduced eigenvalue problem (5.7). By Theorem 2.2, the perturbation matrixB0,ε(x, λ) := Aε(x, λ)−
A0(x) is bounded by

‖B0,ε(x, λ)‖ ≤ C
(
ε| log(ε)| + |λ|

)
, x ∈ I f ,ε, λ ∈ C. (5.49)

By Proposition 5.2, system (5.7) has exponential trichotomies on [0,∞) and (−∞, 0] with constants
C, µr > 0 and projections Pu,s,c

± (x) satisfying (5.18). We denote by Φ
s,u,c
0,± (x, y) the stable, unstable and

neutral evolution operator of system (5.7) under the exponential trichotomies. For convenience, we ab-
breviate Φsc

0,±(x, y) = (I − Pu
±(x))Φ0(x, y) and Φuc

0,±(x, y) = (I − Ps
±(x))Φ0(x, y).

We apply the variation of constants formula. Thus, by the decompositions (5.20) and (5.21), any so-
lution ϕ+

f ,ε(x, λ) to (3.2) must satisfy the following integral equation on I+
f ,ε:

ϕ+
f ,ε(x, λ) = Φu

0,+(x,Ξε)a+ + Φin(x)b+ +

∫ x

0
Φs

0,+(x, y)B0,ε(y, λ)ϕ+
f ,ε(y, λ)dy

+ ϕh(x)c+ + Φs
0,+(x, 0)d+ +

∫ x

Ξε

Φuc
0,+(x, y)B0,ε(y, λ)ϕ+

f ,ε(y, λ)dy,
(5.50)
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for some a+ ∈ Pu
+(Ξε)[C2(m+n)], b+ ∈ C

2m, c+ ∈ C and d+ ∈ Z s, where Z s is defined in (5.21). Provided
η, ε > 0 are sufficiently small, there exists by (5.49) for any λ ∈ Dη,ε a unique solution ϕ+

f ,ε(x, λ) to (5.50)
on I+

f ,ε using the contraction mapping principle. Note that ϕ+
f ,ε(x, λ) is linear in (a+, b+, c+, d+) and

satisfies the bound

sup
x∈I+

f ,ε

‖ϕ+
f ,ε(x, λ)‖ ≤ C (‖a+‖ + ‖b+‖ + |c+| + ‖d+‖) , λ ∈ Dη,ε, (5.51)

by estimate (5.49), taking η, ε > 0 smaller if necessary. Similarly, any solution ϕ−f ,ε(x, λ) to (3.2) must
satisfy the following integral equation on I−f ,ε:

ϕ−f ,ε(x, λ) = Φs
0,−(x,−Ξε)a− + Φin(x)b− +

∫ x

0
Φu

0,−(x, y)B0,ε(y, λ)ϕ−f ,ε(y, λ)dy

+ ϕh(x)c− + Φu
0,−(x, 0)d− +

∫ x

−Ξε

Φsc
0,−(x, y)B0,ε(y, λ)ϕ−f ,ε(y, λ)dy,

(5.52)

for some a− ∈ Ps
−(−Ξε)[C2(m+n)], b− ∈ C2m, c− ∈ C and d− ∈ Zu, where Zu is defined in (5.21). There

exists for any λ ∈ Dη,ε a unique solution ϕ−f ,ε(x, λ) to (5.52) on I−f ,ε, which is linear in (a−, b−, c−, d−) and
satisfies the bound

sup
x∈I−f ,ε

‖ϕ−f ,ε(x, λ)‖ ≤ C (‖a−‖ + ‖b−‖ + |c−| + ‖d−‖) , λ ∈ Dη,ε, (5.53)

taking η, ε > 0 smaller if necessary.

Our next step is to obtain expressions for solutions to the full eigenvalue problem (3.2) along the slow
manifold, i.e. for x ∈ Is,ε. We regard (3.2) as the perturbation

ϕx =
(
A∗,ε(x, λ) + B∗,ε(x, λ)

)
ϕ, ϕ ∈ C2(m+n),

of the reduced eigenvalue problem (5.32). By Theorem 2.2 it holds

‖up,ε(x) − us(εx)‖ ≤ Cε, ‖vp,ε(x)‖ ≤ Cε2, x ∈ Is,ε.

Therefore, by (S1) the perturbation matrix B∗,ε(x, λ) := Aε(x, λ) −A∗,ε(x, λ) is bounded by∥∥∥B∗,ε(x, λ)
∥∥∥ ≤ Cε (ε + |λ|) , x ∈ Is,ε, λ ∈ C. (5.54)

By Proposition 5.4 system (5.32) admits for every λ ∈ Dη,ε an exponential trichotomy on Is,ε with con-
stants C, µs > 0, independent of ε and λ, and projections Pu,s,c

∗,ε (x, λ) satisfying (5.34). We denote by
T

s,u,c
∗,ε (x, y, λ) the stable, unstable and neutral evolution operator of system (5.32) under the exponential

trichotomy.

We apply the variation of constants formula. Thus, any solution ϕs,ε(x, λ) to (3.2) must satisfy the
following integral equation on Is,ε:

ϕs,ε(x, λ) = T s
∗,ε(x,Ξε, λ) f + T c

∗,ε(x,Ξε, λ)h +

∫ x

Ξε

T sc
∗,ε(x, y, λ)B∗,ε(y, λ)ϕs,ε(y, λ)dy

+ T u
∗,ε(x, 2Lε − Ξε, λ)g +

∫ x

2Lε−Ξε

T u
∗,ε(x, y, λ)B∗,ε(y, λ)ϕs,ε(y, λ)dy,

(5.55)

for some f ∈ Ps
∗,ε(Ξε)[C2(m+n)], g ∈ Pu

∗,ε(2Lε − Ξε)[C2(m+n)] and h ∈ Pc
∗,ε(Ξε)[C2(m+n)]. Provided η, ε > 0

are sufficiently small, there exists by (5.54) for any λ ∈ Dη,ε a unique solution ϕs,ε(x, λ) to (5.55) on Is,ε

using the contraction mapping principle. The solution ϕs,ε(x, λ) is linear in ( f , g, h) and enjoys the bound

sup
x∈Is,ε

‖ϕs,ε(x, λ)‖ ≤ C (‖ f ‖ + ‖g‖ + ‖h‖) , λ ∈ Dη,ε, (5.56)

using estimate (5.54) and the fact that |εLε − `0| ≤ Cε by Theorem 2.2.
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Now, we match the solutions ϕ±f ,ε(x, λ) and ϕs,ε(x, λ), given by (5.50), (5.52) and (5.55), at the endpoints
x = ±Ξε and x = 2Lε − Ξε of the intervals Is,ε and I±f ,ε. Applying the projection Ps

∗,ε(Ξε, λ) to the
difference ϕ+

f ,ε(Ξε, λ) − ϕs,ε(Ξε, λ) yields the matching condition

f = H1
ε,λ(a+, b+, c+, d+),

‖H1
ε,λ(a+, b+, c+, d+)‖ ≤ C

(
ε| log(ε)| + |λ|

)
(‖a+‖ + ‖b+‖ + |c+| + ‖d+‖) ,

λ ∈ Dη,ε, (5.57)

where we use (5.18), (5.20), (5.34), (5.49) and (5.51) to obtain the bound on the linear mapH1
ε,λ. Simi-

larly, applying Pu
∗,ε(Ξε, λ) to ϕ+

f ,ε(Ξε, λ) − ϕs,ε(Ξε, λ) yields for λ ∈ Dη,ε the matching condition

a+ = H2
ε,λ(a+, b+, c+, d+, f , g, h),

‖H2
ε,λ(a+, b+, c+, d+, f , g, h)‖ ≤ C

[
ε (ε + |λ|) (‖ f ‖ + ‖g‖ + ‖h‖)

+ ( ε| log(ε)| + |λ| )(‖a+‖ + ‖b+‖ + |c+| + ‖d+‖)] ,

(5.58)

where we use (5.18), (5.20), (5.34), (5.49), (5.51), (5.54), (5.56) and |εLε − `0| ≤ Cε to obtain the bound
on the linear map H2

ε,λ. Finally, applying Pc
∗,ε(Ξε, λ) to ϕ+

f ,ε(Ξε, λ) − ϕs,ε(Ξε, λ) yields the matching
condition

h =

(
Υ∞b+

0

)
+H3

ε,λ(a+, b+, c+, d+),

‖H3
ε,λ(a+, b+, c+, d+)‖ ≤

(
ε| log(ε)| + |λ|

)
(‖a+‖ + ‖b+‖ + |c+| + ‖d+‖) ,

λ ∈ Dη,ε, (5.59)

where we use (5.15), (5.18), (5.34), (5.49) and (5.51) to obtain the bound on the linear map H3
ε,λ. Note

that H1,2,3
ε,λ are analytic in λ, because the perturbations matrices B0,ε(x, λ) and B∗,ε(x, λ), the projections

Pu,s,c
∗,ε (x, λ) and the evolution T∗,ε(x, y, λ) are analytic in λ by Proposition 5.4 and [28, Lemma 2.1.4].

Take ν ∈ Sδ. We obtain the following matching conditions for any λ ∈ Dη,ε by applying the projec-
tions Pu,s,c

∗,ε (2Lε − Ξε, λ) to the difference ϕs,ε(2Lε − Ξε, λ) − eiνϕ−f ,ε(−Ξε, λ):

g = H4
ε,λ(a−, b−, c−, d−),

‖H4
ε,λ(a−, b−, c−, d−)‖ ≤ C

(
ε| log(ε)| + |λ|

)
(‖a−‖ + ‖b−‖ + |c−| + ‖d−‖) ,

(5.60)

a− = H5
ε,λ(a−, b−, c−, d−, f , g, h),

‖H5
ε,λ(a−, b−, c−, d−, f , g, h)‖ ≤ C [( ε| log(ε)| + |λ| )(‖a−‖ + ‖b−‖ + |c−| + ‖d−‖)

+ (ε + |λ|) (‖ f ‖ + ‖g‖ + ‖h‖)
]
,

(5.61)

T c
∗,ε(2Lε − Ξε,Ξε, λ)h = eiν

(
Υ−∞b−

0

)
+H6

ε,λ(a−, b−, c−, d−, f , g, h),

‖H6
ε,λ(a−, b−, c−, d−, f , g, h)‖ ≤ C

[(
ε| log(ε)| + |λ|

)
(‖a−‖ + ‖b−‖ + |c−| + ‖d−‖)

+ (ε + |λ|) (‖ f ‖ + ‖g‖ + ‖h‖)
]
,

(5.62)

where we use (5.15), (5.18), (5.20), (5.34), (5.49), (5.53), (5.54), (5.56) and |εLε − `0| ≤ Cε to obtain
the bounds on the linear maps H4,5,6

ε,λ , which are analytic in λ. We introduce the shorthand notation
a = (a+, a−), b = (b+, b−), c = (c+, c−) and d = (d+, d−). Substituting (5.59) into (5.62) yields a linear
mapH7

ε,λ, which is analytic in λ, satisfying(
Φs(2`0, 0)Υ∞b+

0

)
= eiν

(
Υ−∞b−

0

)
+H7

ε,λ(a, b, c, d, f , g, h)

‖H7
ε,λ(a, b, c, d, f , g, h)‖ ≤ C

[(
ε| log(ε)| + |λ|

)
(‖a‖ + ‖b‖ + ‖c‖ + ‖d‖)

+ (ε + |λ|) (‖ f ‖ + ‖g‖ + ‖h‖)
]
,

λ ∈ Dη,ε, (5.63)
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where we use (5.40), |εLε − `0| ≤ Cε and the bound

‖Φs(εx, εy) − I‖ ≤ Cε| log(ε)|, |x − y| ≤ 2Ξε, (5.64)

which follows from Grönwall type estimates [36, Lemma 1]. The matching conditions (5.57), (5.58),
(5.59), (5.60), (5.61) and (5.63) constitute a system of 6 linear equations in 11 variables. One readily
observes that, provided η, ε > 0 are sufficiently small, this system can be solved for a±, f , g, h and b−
yielding linear mapsH8,9

ε,λ , which are analytic in λ and satisfy

( f , g, a) = H8
ε,λ(b+, c, d),

(h, b−) =

((
Υ∞b+

0

)
, e−iνΥ∞Φs(2`0, 0)Υ∞b+

)
+H9

ε,λ(b+, c, d), λ ∈ Dη,ε,

‖H
8,9
ε,λ (b−, c, d)‖ ≤ C

(
ε| log(ε)| + |λ|

)
(‖b−‖ + ‖c‖ + ‖d‖) .

(5.65)

Thus, since the projections Pu,s,c
∗,ε (x, λ) are complementary, we observe that ( f , g, h, a, b−) satisfies (5.65)

if and only if both ϕs,ε(Ξε, λ) = ϕ+
f ,ε(Ξε, λ) and ϕs,ε(2Lε − Ξε, λ) = eiνϕ−f ,ε(−Ξε, λ) hold true.

Our next step is to match the solutions ϕ±f ,ε(x, λ), given by (5.50) and (5.52), at x = 0 such that the
jump ϕ+

f ,ε(0, λ)−ϕ−f ,ε(0, λ) is confined to the one-dimensional space Z⊥, which is defined in (5.29). First,
we apply the projections Qu,s, given by (5.28). By (5.11) and (5.19) it holds

QsPs
−(0) = Qs, QsPu

+(0) = 0,
(
I − QsPs

+(0)
)

[Z s] = 0. (5.66)

Applying the projection Qs to the difference ϕ+
f ,ε(0, λ) − ϕ−f ,ε(0, λ) yields the matching condition

d+ = H10
ε,λ(a, b, c, d),

‖H10
ε,λ(a, b, c, d)‖ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

)
(‖a‖ + ‖b‖ + ‖c‖ + ‖d‖) ,

λ ∈ Dη,ε, (5.67)

where we use (5.20), (5.21), (5.49), (5.51), (5.53) and (5.66) to obtain the bound on the linear mapH10
ε,λ,

which is analytic in λ. Similarly, applying Qu to ϕ+
f ,ε(0, λ) − ϕ−f ,ε(0, λ), we establish a linear map H11

ε,λ,
which is analytic in λ, satisfying

d− = H11
ε,λ(a, b, c, d),

‖H11
ε,λ(a, b, c, d)‖ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

)
(‖a‖ + ‖b‖ + ‖c‖ + ‖d‖) ,

λ ∈ Dη,ε, (5.68)

Next, we apply the projections Qc and Q̂c, given by (5.28). By (5.11) and (5.19) it holds

QcPu
−(0) = Qc = QcPs

+(0), Q̂cPsc
− (0) = Q̂c = Q̂cPuc

+ (0). (5.69)

Applying Qc to the difference ϕ+
f ,ε(0, λ) − ϕ−f ,ε(0, λ) yields the matching condition

c+ = c−, (5.70)

where we use (5.30) and (5.69). Finally, applying Q̂c to ϕ+
f ,ε(0, λ) − ϕ−f ,ε(0, λ) yields for λ ∈ Dη,ε the

matching condition(
b+ − b−

0

)
=

∫ 0

−Ξε

Q̂cΦ0(0, y)B0,ε(y, λ)ϕh(y)c−dy +H12
ε,λ(a, b, c, d)

−

∫ 0

Ξε

Q̂cΦ0(0, y)B0,ε(y, λ)ϕh(y)c+dy,

‖H12
ε,λ(a, b, c, d)‖ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

) [
(‖a‖ + ‖b‖ + ‖d‖) + | log(ε)|

(
ε| log(ε)| + |λ|

)
‖c‖

]
,

(5.71)

where we use (5.30), (5.49), (5.51), (5.53) and (5.69) to obtain the bound on the linear mapH12
ε,λ, which

is analytic in λ.
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We wish to approximate the integral expressions in (5.71). Therefore, we split the perturbation B0,ε(y, λ)
in an ε-dependent and λ-dependent part, i.e. it holds∥∥∥B0,ε(y, λ) − B0,ε(y, 0) − λB∗

∥∥∥ ≤ Cε|λ|, y ∈ I f ,ε, λ ∈ C, (5.72)

with

B∗ :=
(

0 0
0 B∗

)
∈ Mat2(n+m)×2(n+m)(C), B∗ :=

(
0 0
I 0

)
∈ Mat2n×2n(C).

First, we approximate the λ-dependent part of the integrals in (5.71). Recall that system (3.6) is R f -
reversible at x = 0 by (E1). Thus, the evolution Φ f (x, y) of (3.6) satisfies R f Φ f (x, y)R f = Φ f (−x,−y) for
any x, y ∈ R. Hence, using (5.22) we calculate

Φ0(0, x)B∗ϕh(x) =

 ∫ 0
x A2(y)Φ f (y, x)B∗κh(x)dy

Φ f (0, x)B∗κh(x)

 =

 − ∫ 0
−xA2(y)Φ f (y,−x)B∗κh(−x)dy

R f Φ f (0,−x)B∗κh(−x)


=

(
−I 0
0 R f

)
Φ0(0,−x)B∗ϕh(−x),

where we use that R f B∗ = −B∗R f , A2(x)R f = A2(x), R f κh(x) = −κh(−x) and A2(x) = A2(−x) holds
true for any x ∈ R by (E1). Combining the latter identity with (5.30) yields

Q̂c
[∫ 0

−Ξε

Φ0(0, y)B∗ϕh(y)dy −
∫ 0

Ξε

Φ0(0, y)B∗ϕh(y)dy
]

= 0. (5.73)

Next, we approximate the ε-dependent part of the integrals in (5.71). This can be done by using that the
derivative φ′p,ε(x) is a solution to (3.2) at λ = 0. Thus, φ′p,ε(x) satisfies the integral equation (5.50) on I+

f ,ε
at λ = 0, i.e. we have for x ∈ I+

f ,ε

φ′p,ε(x) = Φu
0,+(x,Ξε)ap,+ + Φin(x)bp,+ +

∫ x

0
Φs

0,+(x, y)B0,ε(y, 0)φ′p,ε(y)dy

+ ϕh(x)cp,+ + Φs
0,+(x, 0)dp,+ +

∫ x

Ξε

Φuc
0,+(x, y)B0,ε(y, 0)φ′p,ε(y)dy,

(5.74)

for some constants ap,+ ∈ Pu
+(Ξε)[C2(m+n)], bp,+ ∈ C

2m, cp,+ ∈ C and dp,+ ∈ Z s, where we suppress their
ε-dependence for notational convenience. Similarly, it holds for x ∈ I−f ,ε

φ′p,ε(x) = Φs
0,−(x,−Ξε)ap,− + Φin(x)bp,− +

∫ x

0
Φu

0,−(x, y)B0,ε(y, 0)φ′p,ε(y)dy

+ ϕh(x)cp,− + Φu
0,−(x, 0)dp,− +

∫ x

−Ξε

Φsc
0,−(x, y)B0,ε(y, 0)φ′p,ε(y)dy,

(5.75)

for some ap,− ∈ Ps
−(−Ξε)[C2(m+n)], bp,− ∈ C

2m, cp,− ∈ C and dp,− ∈ Zu. By applying suitable projections,
we obtain leading-order approximations for the constants ap,±, bp,±, cp,± and dp,±. This leads to the desired
approximations for the integrals in (5.71). First, Theorem 2.2 and (S1) yield∥∥∥∥∥∥∥∥∥∥∥φ

′
p,ε(±Ξε) − ε


±D−1

1 J(u0)
H1(u0, 0, 0)

0
0


∥∥∥∥∥∥∥∥∥∥∥ ≤ Cε2| log(ε)|, (5.76)

where we use that φp,ε solves (2.3). By applying the projections Pu
+(Ξε) and Pc

+(Ξε) to (5.74) at x = Ξε,
we arrive via (5.20) and (5.21) at

ap,+ = Pu
+(Ξε)φ′p,ε(Ξε), Pc

+(Ξε)Φin(Ξε)bp,+ = Pc
+(Ξε)φ′p,ε(Ξε).
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Similarly, we apply Ps
−(−Ξε) and Pc

−(−Ξε) to (5.75) at x = −Ξε yielding

ap,− = Ps
−(−Ξε)φ′p,ε(−Ξε), Pc

−(−Ξε)Φin(−Ξε)bp,− = Pc
−(−Ξε)φ′p,ε(−Ξε).

Combining the latter two identities with (5.15), (5.18), (5.27) and (5.76) gives

‖ap,±‖ ≤ Cε,

∥∥∥∥∥∥bp,± − εΥ∓∞

(
±D−1

1 J(u0)
H1(u0, 0, 0)

)∥∥∥∥∥∥ ≤ Cε2| log(ε)|. (5.77)

Recall that we have ϕh(x) = ∂xφh(x, u0). Thus, by Theorem 2.2 it holds∥∥∥φ′p,ε(x) − ϕh(x)
∥∥∥ ≤ Cε| log(ε)|, x ∈ I f ,ε, (5.78)

where we use that φp,ε and φh solve (2.3) and (2.4), respectively. Next, we apply Qc to (5.74) and (5.75)
at x = 0, yielding

cp,+ =

〈(
0

κh(0)

)
, φ′p,ε(0)

〉
‖κh(0)‖2

= cp,−,
∣∣∣cp,± − 1

∣∣∣ ≤ Cε| log(ε)|, (5.79)

by (5.30), (5.69) and (5.78). Finally, applying Q̂c to (5.74) and (5.75) at x = 0, gives the identity(
bp,+ − bp,−

0

)
= Q̂c

[
Φs

0,−(0,−Ξε)ap,− +

∫ 0

−Ξε

Φ0(0, y)B0,ε(y, 0)φ′p,ε(y)dy

− Φu
0,+(0,Ξε)ap,+ −

∫ 0

Ξε

Φ0(0, y)B0,ε(y, 0)φ′p,ε(y)dy
]
,

by (5.30) and (5.69). Using (5.49), (5.77) and (5.78), we approximate both sides of the latter identity,
yielding∥∥∥∥∥∥∥∥∥∥∥Q̂

c
[∫ 0

−Ξε

Φ0(0, y)B0,ε(y, 0)ϕh(y)dy −
∫ 0

Ξε

Φ0(0, y)B0,ε(y, 0)ϕh(y)dy
]
− ε


2D−1

1 J(u0)
0
0
0


∥∥∥∥∥∥∥∥∥∥∥

≤ Cε2| log(ε)|2, (5.80)

which gives together with (5.72) and (5.73) the desired leading-order expressions of the integrals in (5.71).

Thus, the matching conditions (5.65), (5.67), (5.68), (5.70) and (5.71) constitute a system of 10 lin-
ear equations in 11 variables. Provided η, ε > 0 are sufficiently small, this system can be solved for
a, b, c−, d, f , g, h yielding linear mapsH13

ε,λ,H
14
ε,λ andH15

ε,λ, which are analytic in λ, satisfying for λ ∈ Dη,ε

(a, d, f , g, h) = H13
ε,λ(c+),

c− = c+,

b+ = 2ε
(
I − e−iνΥ∞Φs(2`0, 0)Υ∞

)−1
(

D−1
1 J(u0)

0

)
c+ +H14

ε,λ(c+),

b− = 2ε
(
eiνΥ−∞Φs(0, 2`0)Υ−∞ − I

)−1
(

D−1
1 J(u0)

0

)
c+ +H15

ε,λ(c+),

‖H13
ε,λ(c+)‖ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

)
|c+|,

‖H
14,15
ε,λ (c+)‖ ≤ C| log(ε)|2

(
ε| log(ε)| + |λ|

)2
|c+|,

(5.81)

where we use (5.72), (5.73), (5.80) and the fact that det(I − e−iνΥ∞Φs(2`0, 0)Υ∞) = e2imνEs,0(0, eiν) and
det(eiνΥ−∞Φs(0, 2`0)Υ−∞ − I) = Es,0(0, eiν) are bounded away from 0 by a ν-independent constant for
ν ∈ Sδ.
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Recall that ( f , g, h, a, b−) satisfy (5.65) if and only if both ϕs,ε(Ξε, λ) = ϕ+
f ,ε(Ξε, λ) and ϕs,ε(2Lε−Ξε, λ) =

eiνϕ−f ,ε(−Ξε, λ) hold true. Moreover, by identity (5.29), (a, b, c, d) satisfy (5.67), (5.68), (5.70) and (5.71)
if and only if the jump ϕ+

f ,ε(0, λ) − ϕ−f ,ε(0, λ) lies in Z⊥. Thus, take c+ := cp,+ and define quantities
a±, b±, c−, d±, f , g and h through (5.81), where we suppress their ε-, λ- and ν-dependence for notational
convenience. Then, (5.50), (5.52) and (5.55) define for any λ ∈ Dη,ε and ν ∈ Sδ a piecewise continuous
solution ϕν,ε(x, λ) to (3.2) on I f ,ε ∪ Is,ε, which has a jump only at x = 0 in the space Z⊥ and satisfies
ϕν,ε(−Ξε, λ) = eiνϕν,ε(2Lε − Ξε, λ).

Now, estimate (5.46) follows readily by approximating the coefficients (a, b, c, d, f , g, h) in the varia-
tion of constants formulations (5.50), (5.52) and (5.55) of the solution ϕν,ε(x, λ) using (5.49), (5.51),
(5.53), (5.54), (5.56), (5.79) and (5.81).

Next, we show that for any ν ∈ Sδ the jump Jν,ε(λ), defined in (5.48), of ϕν,ε(x, λ) at x = 0 vanishes
for a unique λ-value in Dη,ε. Fix ν ∈ Sδ. The jump Jν,ε(λ) can be expressed as the difference of the
two variation of constants formulas (5.50) and (5.52) at x = 0 with coefficients a±, b±, c± and d± defined
through (5.81) and c+ = cp,+ . We observe that Jν,ε is analytic on Dη,ε, because the perturbation B0,ε(x, λ)
and the linear mapsH13

ε,λ,H
14
ε,λ andH15

ε,λ are analytic in λ. For any λ ∈ Dη,ε the jump is approximated by∥∥∥∥∥∥Jν,ε(λ) − d+ + d− − λ
∫ 0

∞

Φuc
0,+(0, y)B∗ϕh(y)dy − λ

∫ 0

−∞

Φsc
0,−(0, y)B∗ϕh(y)dy

∥∥∥∥∥∥
≤ C| log(ε)|2

(
ε + |λ|

(
ε| log(ε)| + |λ|

))
,

(5.82)

using (5.46), (5.49), (5.72) and (5.81). By Proposition 5.1 we have ψad(0) ∈ ker(P f ,+(0)∗)∩P f ,−(0)∗[C2n].
Therefore, it holds

Z⊥ ⊂ ker(Ps
+(0)∗) ∩ ker(Pu

−(0)∗), (5.83)

by (5.19). The jump Jν,ε(λ) ∈ Z⊥ of ϕν,ε(x, λ) at x = 0 vanishes if and only if〈(
0

ψad(0)

)
, Jν,ε(λ)

〉
= 0. (5.84)

With the aid of (5.83) we calculate〈(
0

ψad(0)

)
,

∫ 0

∞

Φuc
0,+(0, y)B∗ϕh(y)dy −

∫ 0

−∞

Φsc
0,−(0, y)B∗ϕh(y)dy

〉
= −

∫ ∞

−∞

〈
ψad,2(x), ∂xvh(x, u0)

〉
dx.

Combining the latter with (5.82) yields for λ ∈ Dη,ε,∥∥∥∥∥∥
〈(

0
ψad(0)

)
, Jν,ε(λ)

〉
+ λ

∫ ∞

−∞

〈
ψad,2(x), ∂xvh(x, u0)

〉
dx

∥∥∥∥∥∥ ≤ C| log(ε)|2
(
ε + |λ|

(
ε| log(ε)| + |λ|

))
,

since d+ ∈ Z s and d− ∈ Zu are in the orthogonal complement of Z⊥ by Proposition 5.1. Hence, because
the λ- and ε-independent integral

∫ ∞
−∞

〈
ψad,2(x), ∂xvh(x, u0)

〉
dx is non-zero by Proposition 5.1 and the

jump Jν,ε is analytic on Dη,ε, Rouché’s Theorem implies that equation (5.84) has, provided η, ε > 0 are
sufficiently small, a unique solution λ̃ε(ν) ∈ Dη,ε.

Our last step is to prove estimate (5.47). Fix ν ∈ Sδ. First, we establish the a priori bound∥∥∥ϕν,ε(x, λ) − φ′p,ε(x)
∥∥∥ ≤ C

(
ε| log(ε)| + |λ|

)
, x ∈ I f ,ε, λ ∈ Dη,ε, (5.85)

using (5.46) and (5.78). By subtracting (5.74) from (5.50) and (5.75) from (5.52), we obtain variation of
constants formulas for ϕν,ε(x, λ)−φ′p,ε(x) on I+

f ,ε and I−f ,ε, respectively. Our approach is to obtain leading-
order expressions for the coefficients a± − ap,±, b± − bp,±, c± − cp,± and d± − dp,± in these variation of

48



constants formulas. By (5.77), (5.79) and (5.81) it holds

c± − cp,± = 0,∥∥∥a± − ap,±
∥∥∥ ≤ C| log(ε)|

(
ε| log(ε)| + |λ|

)
,∥∥∥b± − bp,± + B(ν)

∥∥∥ ≤ C| log(ε)|2
(
ε| log(ε)| + |λ|

)2 ,

λ ∈ Dη,ε, (5.86)

where B(ν) is defined in (3.13). Estimating d± − dp,± is more elaborate. Note that the jump Jν,ε(λ) ∈ Z⊥

lies in the kernels of Qu and Qs by (5.29). Thus, to estimate d+ − dp,+, we apply the projection Qs to

Jν,ε(λ) = lim
x↓0

(
ϕν,ε(x, λ) − φ′p,ε(x)

)
− lim

x↑0

(
ϕν,ε(x, λ) − φ′p,ε(x)

)
, λ ∈ Dη,ε,

yielding

d+ − dp,+ = Φs
0,−(0,−Ξε)(a− − ap,−) +

∫ 0

−Ξε

Φs
0,−(0, y)

[
B0,ε(y, λ)ϕν,ε(y, λ) − B0,ε(y, 0)φ′p,ε(y)

]
dy

− Qs
∫ 0

Ξε

Φc
0,+(0, y)

[
B0,ε(y, λ)ϕν,ε(y, λ) − B0,ε(y, 0)φ′p,ε(y)

]
dy

by (5.20), (5.66) and (5.86). Therefore, (5.46), (5.49), (5.72), (5.85) and (5.86) imply∥∥∥d+ − dp,+
∥∥∥ ≤ C| log(ε)|

(
ε2| log(ε)|2 + |λ|

)
, λ ∈ Dη,ε. (5.87)

Subtracting (5.74) from (5.50) gives for each λ ∈ Dη,ε a variation of constants formula for ϕν,ε(x, λ) −
φ′p,ε(x) on I+

f ,ε:

ϕν,ε(x, λ) − φ′p,ε(x) = Φu
0,+(x,Ξε)(a+ − ap,+) + Φin(x)(b+ − bp,+) + Φs

0,+(x, 0)(d+ − dp,+)

+

∫ x

0
Φs

0,+(x, y)
[
B0,ε(y, λ)ϕν,ε(y, λ) − B0,ε(y, 0)φ′p,ε(y)

]
dy

+

∫ x

Ξε

Φuc
0,+(x, y)

[
B0,ε(y, λ)ϕν,ε(y, λ) − B0,ε(y, 0)φ′p,ε(y)

]
dy,

where we use c+ = cp,+. Applying (5.46), (5.49), (5.72), (5.85), (5.86) and (5.87) to the latter identity
yields the approximation (5.47) on [0,Ξε/2]. The proof of (5.47) on [−Ξε/2, 0] is analogous. �

Remark 5.6. The proof of Theorem 5.5 provides a Lyapunov-Schmidt type reduction procedure. By
constructing the piecewise continuous solution ϕν,ε(x, λ) to (3.2) via Lin’s method, we invert a certain
part of the operator Lε − λ, defined in §3, and we obtain a one-dimensional reduced equation (5.84)
describing the remaining unsolved part.

Thus, solving (5.84) for λ yields the desired simple eigenvalue λε(ν) of Lε about the origin. A leading-
order expression of λε(ν) can be obtained by calculating the leading order of the ε- and λ-dependent
parts of (5.84). Alternatively, we use the key identity (5.2) to derive a leading-order expression for λε(ν)
– see §5.5. �

5.5 Conclusion

In this subsection we finish the proof of Theorem 3.14. We concluded in §5.1 that all that remains to
show is the approximation (3.11). Let Sδ, Dη,ε and Ξε be as in (3.10), (5.3) and (5.4), respectively,
and denote by C > 0 a constant, which is independent of ε and ν. Fix ν ∈ Sδ. Consider the solution
ϕν,ε(x, λ̃ε(ν)) to the full eigenvalue problem (3.2) on [−Ξε, 2Lε − Ξε], established in Theorem 5.5, and
define ϕ̌ν,ε by (5.6). Clearly, ϕ̌ν,ε is a solution to (3.2) on the whole real line. In §5.1 we showed that it
holds λε(ν) = λ̃ε(ν) and that for ϕ̌ν,ε(x) = (ũν,ε(x), p̃ν,ε(x), ṽν,ε(x), q̃ν,ε(x)) the key identity (5.2) is satisfied.
To obtain a leading-order expression for λε(ν) we approximate the integrals in (5.2) using Theorem 5.5.
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First, Theorem 2.2 and estimate (5.46) imply that ϕ̌ν,ε and φp,ε are bounded on R by a constant indepen-
dent of ε and ν. On the other hand, the solution ψad(x) = (ψad,1(x), ψad,2(x)) to the adjoint equation (3.7)
satisfies

‖ψad(x)‖ ≤ Ce−µr |x|, x ∈ R,

by Proposition 5.1. Thus, using estimate (5.46) we approximate∥∥∥∥∥∫ ∞

−∞

ψad,2(x)∗ṽν,ε(x)dx −
∫ ∞

−∞

ψad,2(x)∗∂xvh(x, u0)dx
∥∥∥∥∥ ≤ C| log(ε)|

(
ε| log(ε)| + |λν(ε)|

)
. (5.88)

In addition, by estimate (5.47) and Theorem 2.2 we have∥∥∥∥∥∫ ∞

−∞

ψad,2(x)∗
(
∂vG(φ̂p,ε(x), ε) − ∂vG(u0, vh(x, u0), 0)

) (
ṽν,ε(x) − v′p,ε(x)

)
dx

∥∥∥∥∥
≤ Cε| log(ε)|2

(
ε2| log(ε)|3 + |λε(ν)|

)
,

(5.89)

where we use that ψad,2(x) is odd by Proposition 5.1, φ̂p,ε(x) is even by Theorem 2.2, vh(x, u0) is even
by (E1) and the v-components of Φin(x)B(ν) are even by (E1). Integration by parts gives∫ ∞

−∞

ψad,2(x)∗∂uG(φ̂p,ε(x), ε)
(
ũν,ε(x) − u′p,ε(x)

)
dx

= −ε

∫ ∞

−∞

∫ x

−∞

ψad,2(y)∗∂uG(φ̂p,ε(y), ε)D−1
1

(
p̃ν,ε(x) − p′p,ε(x)

)
dydx,

since ψad,2(x) is odd and φ̂p,ε(x) is even. Applying estimate (5.47) and Theorem 2.2 to the latter yields∥∥∥∥∥∫ ∞

−∞

ψad,2(x)∗∂uG(φ̂p,ε(x), ε)
(
ũν,ε(x) − u′p,ε(x)

)
dx

−ε2
∫ ∞

−∞

∫ x

−∞

ψad,2(y)∗∂uG(u0, vh(y, u0), 0)dydxB(ν)
∥∥∥∥∥

≤ Cε| log(ε)|
(
ε2| log(ε)|3 + |λν(ε)|

)
,

(5.90)

with B(ν) defined in (3.13), where we use ψad,2(x) is odd, vh(x, u0) is even and the p-component of
(I − Φin(x))B(ν) is odd by (E1). Finally, since the integral

∫ ∞
−∞

ψad,2(x)∗∂xvh(x, u0)dx is non-zero by
Proposition 5.1, the key identity (5.2) in combination with the estimates (5.88), (5.89) and (5.90) gives∥∥∥∥∥∥∥λε(ν) + ε2

∫ ∞
−∞

∫ x
−∞

ψad,2(y)∗∂uG(u0, vh(y, u0), 0)dydxB(ν)∫ ∞
−∞

ψad,2(x)∗∂xvh(x, u0)dx

∥∥∥∥∥∥∥ ≤ Cε3| log(ε)|5.

The latter yields the approximation (3.11) of λε(ν) by switching the order of integration in the numerator
using that ψad,2 is odd and vh(x, u0) is even. This concludes the proof of Theorem 3.14. �

Remark 5.7. In the proof of Theorem 3.14 we have obtained for any ν ∈ Sδ an eigenfunction

ψν,ε(x̌) :=
(

ũν,ε(ε−1 x̌)
ṽν,ε(ε−1 x̌)

)
eiνx̌/2`ε ∈ H2

per([0, 2`ε],C
m+n),

corresponding to the eigenvalue λε(ν) of the operator Lν,ε defined in §3. The approximations in Theo-
rem 5.5 and its proof provide leading-order control over this eigenfunction. We observe that ψν,ε(x̌) is
approximated by (0, ∂xvh(ε−1 x̌, u0)) along the pulse, i.e. for εx̌ ∈ I f ,ε. The derivative ∂xvh(x, u0) corre-
sponds to the translational eigenfunction at λ = 0 of the linearization of vt = D2vxx − G(u0, v, 0) about

50



the standing pulse solution vh(x, u0). Thus, along the pulse, the leading-order dynamics of the eigenfunc-
tion ψν,ε is independent of ν. On the other hand, along the slow manifold, i.e. for εx̌ ∈ Is,ε, ψν,ε(x̌) is
approximated by the u-components of

2εeiνx̌/2`εΦs(x̌, 0)Υ0
(
I − e−iνΥ0Φs(2`0, 0)Υ0

)−1
(

D−1
1 J(u0)

0

)
,

by (5.40), (5.54), (5.55), (5.56), (5.64), (5.65) and (5.81), where J is given by (2.7), Φs(x̌, y̌) is the
evolution (2.9) and Υ0 is defined in (3.13). Thus, along the slow manifold, the leading-order dynamics
of the eigenfunction ψν,ε is dictated by the slow variational equation (2.9) and the value of ν. �

A Exponential di- and trichotomies

Exponential dichotomies enable us to track solutions in linear systems by separating the solution space
in solutions that either decay exponentially in forward time or else in backward time. Moreover, the
associated projections inherit analytic dependence of the system on a spectral parameter λ. Therefore,
they provide a natural framework [42] to capture the linear dynamics of eigenvalue problems arising
in our spectral stability analysis. For an extensive introduction on dichotomies the reader is referred
to [6, 40].

Definition A.1. Let n ∈ Z>0, J ⊂ R an interval and A ∈ C(J,Matn×n(C)). Denote by T (x, y) the evolution
operator of

ϕx = A(x)ϕ, ϕ ∈ Cn. (A.1)

Equation (A.1) has an exponential dichotomy on J with constants K, µ > 0 and projections P(x) : Cn →

Cn if for all x, y ∈ J it holds

• P(x)T (x, y) = T (x, y)P(y);

• ‖T (x, y)P(y)‖ ≤ Ke−µ(x−y) for x ≥ y;

• ‖T (x, y)(I − P(y))‖ ≤ Ke−µ(y−x) for y ≥ x.

Let P(x) be the family of projections associated with an exponential dichotomy on J. For each x, y ∈ J,
we denote by T s(x, y) = T (x, y)P(y) and T u(x, y) = T (x, y)(I − P(y)) the stable and unstable evolution of
system (A.1), leaving the projection P(y) implicit.

A generalization of the concept of exponential dichotomies is the notion of exponential trichotomies
to capture linear systems that exhibit center behavior in addition to exponential decay in forward and
backward time. The slow-fast structure in the eigenvalue problem (3.2) naturally induces such behavior.
We employ the following definition.

Definition A.2. Let n ∈ Z>0, J ⊂ R an interval and A ∈ C(J,Matn×n(C)). Denote by T (x, y) the evolution
operator of (A.1). Equation (A.1) has an exponential trichotomy on J with constants K, µ > 0 and
projections Pu(x), Ps(x), Pc(x) : Cn → Cn if for all x, y ∈ J it holds

• Pu(x) + Ps(x) + Pc(x) = I;

• Pu,s,c(x)T (x, y) = T (x, y)Pu,s,c(y);

• ‖T (x, y)Ps(y)‖, ‖T (y, x)Pu(x)‖ ≤ Ke−µ(x−y) for x ≥ y;

• ‖T (x, y)Pc(y)‖ ≤ K.

We often use the abbreviations T u,s,c(x, y) = T (x, y)Pu,s,c(y) leaving the associated projections of the
exponential trichotomy implicit.

51



A.1 Exponential dichotomies for slowly varying systems

Clearly, an autonomous linear system ϕx = A0ϕ, where A0 ∈ Matn×n(C) is hyperbolic, admits an expo-
nential dichotomy on R. The associated dichotomy projection is given by the spectral projection onto the
stable eigenspace of A0. If A0 depends analytically on a parameter λ, then the spectral projection inherits
the analyticity. This can be extended to non-autonomous systems of the form

ϕx = A(x, λ)ϕ, ϕ ∈ Cn, (A.2)

depending analytically on a spectral parameter λ. If A(x, λ) varies slowly and is pointwise hyperbolic,
then (A.1) admits an exponential dichotomy that has analytic projections close to the spectral projections
onto the stable eigenspace of A(x, λ).

The latter result is proved in [5, Proposition 6.5] in the setting of the FitzHugh-Nagumo system. In
addition, in [6, Proposition 6.1] the result is proved for general systems of the form (A.1). However, the
result in [6] lacks the desired closeness estimates on the dichotomy projections and analytic dependence
on parameters is not shown. Therefore, we provide a proof of these two facts along the lines of [5,
Proposition 6.5].

Proposition A.3. Let n ∈ Z>0, a, b ∈ R with b − a > 2 and Ω ⊂ C open. Denote X = [a, b] × Ω and
let A ∈ C1(X,Matn×n(C)). Assume that A(x, ·) is analytic on Ω for each x ∈ [a, b] and that there exists
constants α > 0 and M > 1 such that:

i. For each (x, λ) ∈ X the matrix A(x, λ) is hyperbolic with spectral gap larger than α;

ii. The matrix function A is bounded by M on X.

There exists δ > 0, depending only on α and M, such that, if we have

sup
(x,λ)∈X

‖∂xA(x, λ)‖ ≤ δ,

then (A.2) has an exponential dichotomy on [a + 1, b − 1] for any λ ∈ Ω with constants C, µ > 0 and
projections P(x, λ) such that P(x, ·) is analytic on Ω for each x ∈ [a + 1, b − 1]. In addition, we have
µ = 1

2α and C depends only on M, α and n. Finally, for any (y, λ) ∈ [a + 1, b − 1] × Ω we have the
estimate

‖P(y, λ) − P(y, λ)‖ ≤ C sup
(x,λ)∈X

‖∂xA(x, λ)‖ , (A.3)

where P(x, λ) is the spectral projection onto the stable eigenspace of A(x, λ).

Proof. In the following, we denote by C > 0 a constant depending only on M, n and α.

Our approach is to extend system (A.2) to the whole real line, such that it varies only on the finite
interval [a, b]. We establish an exponential dichotomy for this extended system using [6, Proposition
6.1]. The range or kernel of the dichotomy projections must be analytic for x ∈ R \ [a, b] by analyticity
of the spectral projections. These analyticity properties can be interpolated to the interval [a, b]. Finally,
to prove the closeness estimate (A.3), we approximate the stable evolution operator of system (A.2) by
P(x, λ) exp(A(x, λ)(x − y)), using that the derivative of A(x, λ) is small.

We introduce a smooth partition of unity χi : R→ [0, 1], i = 1, 2, 3 satisfying

3∑
i=1

χi(x) = 1, |χ′2(x)| ≤ 2, x ∈ R,

supp(χ1) ⊂ (−∞, a + 1), supp(χ2) ⊂ (a, b), supp(χ3) ⊂ (b − 1,∞).
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The equation

ϕx = A(x, λ)ϕ, ϕ ∈ Cn, (A.4)

with

A(x, λ) := χ1(x)A(a, λ) + χ2(x)A(x, λ) + χ3(x)A(b, λ),

coincides with (A.2) on [a + 1, b − 1]. We calculate

∂xA(x, λ) =


χ2(x)∂xA(x, λ), x ∈ (a + 1, b − 1),
χ′2(x)(A(x, λ) − A(a, λ)) + χ2(x)∂xA(x, λ), x ∈ [a, a + 1],
χ′2(x)(A(x, λ) − A(b, λ)) + χ2(x)∂xA(x, λ), x ∈ [b − 1, b],
0, otherwise.

First, we have ‖∂xA(x, λ)‖ ≤ 3δ for each (x, λ) ∈ R×Ω by the mean value theorem. Second, by the spec-
tral estimates in [34] the Hausdorff distance between the spectra of A(a, λ) and A(x, λ) is smaller than
Cδ1/n for each (x, λ) ∈ (−∞, a + 1] ×Ω. Similarly, the Hausdorff distance between the spectra of A(b, λ)
and A(x, λ) is smaller than Cδ1/n for every (x, λ) ∈ [b − 1,∞) × Ω. Hence, for δ > 0 sufficiently small,
the matrix A(x, λ) is hyperbolic for each (x, λ) ∈ R × Ω with spectral gap larger than 1

2α. Third, A is
bounded by M on R×Ω. Combining these three items with [6, Proposition 6.1] implies that system (A.4)
admits, provided δ > 0 is sufficiently small, an exponential dichotomy on R with constants C, µ > 0 –
with µ = 1

2α – and projections P(x, λ).

The next step is to prove that the projections P(x, ·) are analytic in Ω for each x ∈ R. Any solu-
tion to the constant coefficient system ψx = A(a, λ)ψ that converges to 0 as x → −∞ must be in
the kernel of the spectral projection P(a, λ) onto the stable eigenspace of A(a, λ). Hence, it holds
ker(P(a, λ)) = ker(P(a, λ)) by construction of (A.4). Moreover, the spectral projection P(a, ·) is ana-
lytic on Ω, since A(a, ·) is analytic on Ω. Thus, ker(P(a, λ)) and similarly P(b, λ)[Cn] must be analytic
subspaces – see [22, Chapter 18] – in λ ∈ Ω. Denote by T (x, y, λ) the evolution operator of (A.4), which
is by [28, Lemma 2.1.4] analytic in λ ∈ Ω for each x, y ∈ R. We conclude that both ker(P(a, λ)) and
P(a, λ)[Cn] = T (a, b, λ)P(b, λ)[Cn] are analytic subspaces in λ ∈ Ω. Therefore, the projection P(a, ·)
– and thus any projection P(x, ·) = T (x, a, ·)P(a, ·), x ∈ R – is analytic in Ω.

Finally, we prove that the projections P(x, λ) can be approximated by the spectral projectionsP(x, λ) onto
the stable eigenspace of A(x, λ) for any (x, λ) ∈ R × Ω. Define δ∗ := sup{‖∂xA(x, λ)‖ : (x, λ) ∈ X} > 0.
Take z ∈ R and v ∈ P(z, λ)[Cn]. Observe that

ϕ̂(x, λ) := P(x, λ)eP(x,λ)A(x,λ)(x−z)v, (x, λ) ∈ R ×Ω,

satisfies the inhomogeneous equation

ϕx = A(x, λ)ϕ + g(x, λ),

with

g(x, λ) := eP(x,λ)A(x,λ)(x−z) [∂x (P(x, λ)A(x, λ)) (x − z) + ∂xP(x, λ)] v.

By uniformity of the bound on the spectral gap of A, there exists a contour Γ ⊂ C, depending only on
M, α and n, containing precisely those eigenvalues ofA(x, λ) of negative real part for all (x, λ) ∈ R × Ω.
Thus, we have

P(x, λ) =
1

2πi

∮
Γ

(w −A(x, λ))−1dw, (x, λ) ∈ R ×Ω. (A.5)
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By [21, Corollary 1.2.4] the norm of the resolvent (w − A(x, λ))−1 can be bounded in terms of M, n and
the distance d(w, σ(A(x, λ))). Hence, choosing the contour Γ appropriately, we observe

sup
(x,λ)∈R×Ω

‖P(x, λ)‖ ≤ C. (A.6)

Since P(x, λ) is the projection onto the stable eigenspace of A(x, λ) and A is uniformly bounded by M
on R × Ω and has a uniform spectral gap larger than µ = 1

2α on R × Ω, we have by [21, Theorem 1.2.1]
the bound

sup
λ∈Ω

∥∥∥eP(x,λ)A(x,λ)(x−z)
∥∥∥ ≤ Ce−µ(x−z), x ≥ z. (A.7)

Differentiating identity (A.5) yields

∂xP(x, λ) =
1

2πi

∮
Γ

(w −A(x, λ))−1∂xA(x, λ)(w −A(x, λ))−1dw,

for each (x, λ) ∈ R × Ω. Since the norm of the resolvent (w − A(x, λ))−1 can be bounded in terms of
M, n and d(w, σ(A(x, λ))), we observe that sup(x,λ)∈R×Ω ‖∂xP(x, λ)‖ ≤ Cδ∗. Thus, combining the latter
with (A.6) and (A.7) yields

sup
λ∈Ω
‖g(x, λ)‖ ≤ Cδ∗‖v‖, x ≥ z. (A.8)

Take ξ = z − log(δ∗)µ−1 ≥ z. By the variation of constants formula there exists w ∈ C3 such that

ϕ̂(x, λ) = T (x, ξ, λ)w +

∫ x

z
T s(x, y, λ)g(y, λ)dy +

∫ x

∞

T u(x, y, λ)g(y, λ)dy, (A.9)

for x ≥ z and λ ∈ Ω. Evaluating (A.9) at x = ξ, while using (A.6), (A.7) and (A.8), we derive ‖w‖ ≤
Cδ∗‖v‖. Thus, applying I − P(z, λ) to (A.9) at x = z, yields the bound ‖(I − P(z, λ))v‖ ≤ Cδ∗‖v‖ for
every v ∈ P(z, λ)[Cn] by (A.7) and (A.8). Similarly, one shows that for every v ∈ ker(P(z, λ)) we have
‖P(z, λ)v‖ ≤ Cδ∗‖v‖. Thus, we obtain for any (z, λ) ∈ R ×Ω

‖[P − P](z, λ)‖ ≤ ‖[(I − P)P](z, λ)‖ + ‖[P(I − P)](z, λ)‖ ≤ Cδ∗.

Since (A.4) coincides with (A.2) on [a + 1, b − 1], we have established (A.3), which concludes the
proof. �
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